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One of the main goals of the Float Zone (FZ) growth project of NASA's 
Uteriale Processing . i n  Space Program is to thoroughly understand the molten 
zone/freezing crystal system and all the mechanisms that govern this system. To 
accomplish this, the melt and interface properties, the heat and mass flows, and 
the dependencies of these on each other and on growth rate and g levels must be 
studied. 

Since the float zone process involves two solid-melt interfaces, 
possible gas interfaces, heat and mass transfers, various driving forces and 
complex heating sources, an analysis of the entire process would be very 
complex. For an initial investigation, a more feasible approach is to examine 
each component of the process separately, particularly if mathematical models 
are to be manageable. The three principal components are: (1) the shapes of 
the melt and sclid-melt interfaces, (2) the heat and mass transfers, and ( 3 ;  the 
heating and cooling sources. This study combined facets of all three 
components. 

The purpose of this 12-month effort was to study and compute the 
surface boundary conditions required to give flat FZ solid-melt interfaces. T4e 
successful completion of this study should provide FZ furnace designers with 
better methods for controlling solid-melt interface shapes and for computing 
thermal profiles and gradients. 

. . 
This study was undertaken in two phases. The first phase was to 

investigate the solid zones surface boundary conditions required for flat 
solid-melt interfaces when given the melt zone surface boundary conditons. The 
second phase complemented the first and was to investigate the melt zone surface 
boundary conditions required for flat solid-melt interfaces if given the solid 
zones surface boundary conditions. Dual integral transform methods were used in 
both phases; in addition, the use of various numerical methods for differential 
equations and linear systems of equations were required. 

Using NASA supplied data, the surf ace boundary conditions required for 
= -  flat solidmelt interfaces were studied. In addition, complete documentation 

and a simple user's guide are provided for all the computer software required 
I :  during this study. 
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1.0 INTRODUCTION 

1.1 OVERVIEW AND STUDY DEFINITION 

S i l i c o n  ( S i )  i s  used i n  a wide v a r i e t y  of e l e c t r o n i c  dev ices  including 
high power r e c t i f i e r s ,  space s o l a r  c e l l s ,  i n f r a r e d  d e t e c t o r  a r r a y s  and high 
d e n s i t y  i n t e g r a t e d  c i r c u i t s .  The t h r e e  p r i n c i p a l  i n d u s t r i a l  methods f o r  growing 
s i l i c o n  c r y s t a l  i n g o t s  o r  boules a r e  t h e  f l o a t  zone (FZ), Czochralski  (Cz) ,  and 
co ld  c r u c i b l e  methods. Because molten s i l i c o n  a c t s  a s  a u n i v e r s a l  s o l v e n t ,  Cz 
grown S i  is plagued wi th  c r u c i b l e  contamination which is  i n t o l e r a b l e  f o r  high 
performance o p t i c a l  and i n f r a r e d  devices .  However, because the  FZ process  is  
c o n t a i n e r l e s s ,  c r u c i b l e  contaminants a r e  avoided. Other advantages of FZ growth 
inc lude  uniformity  of a x i a l  r e s i s t i v i t y  (on a macroecale),  v i s i b i l i t y  of the  
growth reg ion ,  low consumable m a t e r i a l  c o s t s ,  and high growth r a t e s .  Although 
the  co ld  c r u c i b l e  method combines many of the  b e s t  f e a t u r e s  of the  FZ and Cz 
techniques ,  the  molten S i  must be superheated and v o l a t i l e  dopants such as I n ,  
Ga, and T1 a r e  unfor tuna te ly  evaporated.  

Because most i n d u s t r i a l  advances i n  t h e  FZ growth technologies  have 
come about e m p i r i c a l l y ,  d e t a i l e d  a n a l y s i s  of the  growth process  has not kept 
pace wi th  p r e s e n t l y  used FZ methods. T h e o r e t i c a l  modeling of t h e  mel t  dynamics 
has  l e d  t o  some understanding of t h e  growth process ,  but  i t  is very  incomplete. 
The c h a r a c t e r i s t i c s  of the  FZ melt must be more a c c u r a t e l y  modeled i f  an 
understanding of t h e  hea t  balance and flow, isotherm shapes ,  d e n s i t y  ( inc lud ing  
invers ion)  and s u r f a c e  t ens ion  v a r i a t i o n s  is  t o  lead t o  b e t t e r  methods of 
c o n t r o l l i n g  t h e  growth cond i t ions .  Moreover, such s t u d i e s  should c o n t r i b u t e  to  
the  des ign and execut ion of FZ experiments i n  low-gravtty (g) environments. I n  
a d d i t i o n ,  knowledge gained by s tudying s i l i c o n  FZ methods should be a p p l i c a b l e  
t o  o t h e r  FZ processed m a t e r i a l s .  

A s  noted by E. K e n  1101, t h e  main goa l  of the  FZ growth p r o j e c t  of 
NASA's Mater ia l  Process ing i n  Space program is t o  thoroughly undr s t and  the  
molten zone l f reez ing  c r y s t a l  system and a l l  t h e  mechanisms t h a t  govern t h i s  
system. I n  a d d i t i o n ,  more opt imal  c r y s t a l  growth c o n d i t i o n s  a t  g= l  and poss ib le  
improvements made by process ing i n  near  zero-g environments need t o  be 
i n v e s t i g a t e d .  To accomplish t h i s ,  t h e  melt and i n t e r f a c e  p r o p e r t i e s ,  the  heat  
and mass f lows,  and the  dependencies of these  on each o t h e r  and on the  growth 
r a t e  and g l e v e l s  must be s tud ied .  

To t ransform a p o l y c r y s t a l l i n e  m a t e r i a l  i n t o  a s i n g l e  c r y s t a l ,  i t  is  
not  always necessary  t o  melt  the  e n t i r e  sample o r  charge before  growing the  
d e s i r e d  monocrystal. In  some c a s e s ,  i t  is  poss ib le  t o  melt a small  por t ion  of 
the  o r i g i n a l  charge,  t r a n s l a t e  t h i s  molten zone through the  charge,  and 
hopefu l ly  l eave  a monocrystal behind the  t r a n s l a t i n g  molten zone. The a c t u a l  
hea t ing  sources  f o r  t h i s  type zone mel t ing process  a r e  va r ied  and include 
induct ion,  r e s i s t a n c e ,  e l e c t r o n  beam, and l a s e r  beam. The molten zone i t s e l f  
can be moved through t h e  charge by e i t h e r  moving the  5ea t ing  source  over the  
charge o r  by moving the  charge through the  hea t ing  source.  The a c t u a l  charge 
may, but need not be, contained i n  some type of c r u c i b l e  o r  ampoule. If  no 
c o ~ t a i n e r  is  involved,  the  technique is c a l l e d  a f l o a t  zone method and i s  used 
f o r  r e a c t i v e  o r  high mel t ing point  m a t e r i a l s .  For most f l o a t  zone a p p l i c a t i o n s ,  



t h e  molten zone is  held  i n t a c t  by s u r f a c e  t ens ion  w i t h  t h e  occas iona l  a i d  of a 
magnetic f i e l d  [ 6 ] .  A s imple  i l l u s t r a t i o n  of t h e  f l o a t  zone technique is g iven  
i n  Figure  1-1. 

In o r d e r  t o  reduce n o n u n i f o n n i t i e s  i n  such t h i n g s  as r e s i s t i v i t i e s  and 
d e f e c t  d i s t r i b u t i o n s ,  f o r  example, t h e  e n t i r e  sol id-mel t  system must be 
c h a r a c t e r i z e d .  Since  the  f l o a t  zone process  invo lves  two solid-melt  i n t e r f a c e s ,  
p o s s i b l e  g a s  i r t e r f a c e s ,  h e a t  and mass t r a n s f e r s ,  v a r i o u s  d r i v i n g  f o r c e s  and 
complex h e a t i n g  sources ,  an a n a l y s i s  of t h e  e n t i r e  f l o a t  zone process  would be 
very  complex. A more f e a s i b l e  approach ( a t  l e a s t  f o r  a n  i n i t i a l  i n v e s t i g a t i o n )  
is t o  examine each component of t h e  system s e p a r a t e l y ,  p a r t i c u l a r l y  i f  the  
mathematical  models a r e  t o  be manageable. Three p r i n c i p a l  system components 
a r e :  (1) t h e  shapes  of t h e  mel t  and sol id-mel t  i n t e r f a c e s ,  ( 2 )  t h e  hea t  and 
mass t r a n s f e r s ,  and (3) the  h e a t i n g  and coo l ing  sources .  This s tudy  combines 
f a c e t s  of a l l  t h r e e  components. 

While many i n v e s t i g a t o r s ,  e .g. ,  R. Brown [ 2 ] ,  R. Naumann b d ,  and W. 
Wilcox (201,  a r e  making s i g n i f i c a n t  progress  s tudy ing  the  sol id-mel t  i n t e r f a c e  
shapes and t h e  thermal g r a d i e n t s  a t  the  sol id-mel t  i n t e r f a c e s  f o r  f l o a t  zone and 
analogous systems s u b j e c t  t o  s p e c i f i e d  s u r f a c e  boundary c o n d i t i o n s ,  the  
p r i n c i p a l  t h r u s t  of  t h i s  e f f o r t  was t o  s tudy  and compute t h e  s u r f a c e  boundary 
c o n d i t i o n s  r e q u i r e d  t o  g i v e  f l a t  FZ s o l i d - m e l t  i n t e r f a c e s .  

The completion of t h i s  s t u d y  hopefu l ly  r e s u l t s  i n  a b e t t e r  
darsta,nding of the  FZ d i f f u s i o n  and growth mechanisms and should provide  FZ 
furnace  des igners  wi th  b e t t e r  methods f o r  c o n t r o l l i n g  sol id-mel t  i n t e r f a c e  
shapes and f o r  computing thermal p r o f i l e s  and g r a d i e n t s .  Moreover, the  methods 
developed i n  t h i s  s tudy  should a i d  i n  the  des ign  of FZ h e a t e r s  t h a t  achieve t h e  
requ i red  melt f l u x e s  wi th  minimal energy expend i tu res  and,  hence,  'perhaps reduce 
the  system power requirements  ( a  n a t u r a l  concern f o r  any long- tern ,  low-g FZ 
experiment) .  I n  p a r t i c u l a r ,  i f  r a d i o  frequency h e a t i n g  is  used,  the  methodology 
developed ' i n  t h i s  s t u d y  should be u s e f u l  f o r  computing the  performance 
requirements and p o s i t i o n  of a u x i l i a r y  hea t ing  and i n s u l a t i o n  required f o r  the  
proper thermal p r o f i l e s .  I n  a d d i t i o n ,  t h e  methodology developed i n  t h i s  e f f o r t  
might provide ,  f o r  f u t u r e  s t u d i e s ,  a  s t a r t i n g  p o i n t  f o r  t h e  more complex and 
r e a l i s t i c  c a s e  of a s l i g h t l y  concave sol id-mel t  i n t e r f a c e .  

This  s t u d y  was performed i n  two phases. The f i r s t  phase analyzed t h e  
s o l i d  zones' s u r f a c e  boundary c o n d i t i o n s  requ i red  f o r  f l a t  so l id-mel t  i n t e r f a c e s  
when given ( a  p r i o r i )  the  melt zone s u r f a c e  boundary c o n d i t i o n s .  The second 
phase complemented t h e  f i r s t  and analyzed the  me1 t zone s u r f a c e  boundary 
cond i t tons  requ i red  f o r  f l a t  so l id-mel t  i n t e r f a c e s  when given ( a  p r i o r i )  t h e  
s u r f a c e  boundary c o n d i t i o n s  f o r  t h e  s o l i d  zones. Dual i n t e g r a l  t ransform methods 
were used i n  both phases; i n  a d d i t i o n ,  both phases required the  use of va r ious  
numerical methods f o r  boundary va lue  problems. l though such a s tudy  has  
apparen t ly  never before  been undertaken,  analogous s t u d i e s  f o r  t h e  
Bridgman-Stockbarger method have been completed by L. Fos te r  [7], [ a ] .  

Mathemakical d e s c r i p t i o n s  of the  problems posed above a r e  s t a t e d  i n  
Sect ion L-2. I n  Chapter 2, v a r i o u s  mathematical  t o o l s  a r e  developed followed by 
some r a t h e r  i n t e r e s t i n g  examples. The 'methodologies used to  compute the  s u r f a c e  
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boundary c o n d i t i o n s  f o r  t h e  s o l i d  r eg ions  and melt  zone s u r f a c e  boundary 
cond i t ions  requ i red  f o r  f l a c  i n t e r f a c e  shapes a r e  developed i n  Chapters  3 and 4. 1 
The r e s u l t s  of v a r i o u s  t e a t  c a r e s  us ing  NASA supp l i ed  d a t a  a r e  presented i n  
Chapter 5 and recomrnendationr f o r  f u t u r e  e f f o r t s  a r e  g iven  i n  Chapter 6. A 
simple use r ' s  guide  t o  v a r i o u s  computer codes ( l i s t e d  i n  Appendix C) 

1 r 
implementing t h e  methods desc r ibed  i n  Chapters 2 ,  3, and 4 i s  ptesented i n  of c 4 
Appendix A. Appendix B c o n t a i n s  t h e  proof of a c l a im made i n  Sec t ion  2.3. 3 
1.2 MATREMATICAL STATEMENT OF THE CONTROL PROBLEMS I . . 

Concise mathematical  s t a t ements  of the  problems descr ibed i n  t h e  
previous  s e c t i o n  a r e  g iven  next  us ing  t h e  numbered equa t ions  i n  the  FZ model 
shown i n  Figure  1-2. F i r s t  suppose t h a t  t h e  melt zone s u r f a c e  temperature i s  w 

some a p r i o r i  known (by des ign  o r  happenstance) d i s t r i b u t i o n  h(x)  (F igure  i -2 ,  
Equation (FZ8)). S ince  the  temperature a t  both  of t h e  assumed f l a t  solid-me?t 
i n t e r f a c e s  is  t h e  m a t e r i a l  me l t ing  point  (Equations (FZ1) and (FZ3)) ,  the  
temperature d l s t r i b u t i o n  i n  t h e  mel t  zone i s  known and may be computed by the  
method desc r ibed  i n  S e c t i o n  2.2. Hence, the  a x i a l  thermal g r a d i e n t s  i n  thn melt  
zone a t  both o f  t h e  sol id-mel t  i n t e r f a c e s  a r e  known ( s e e  Sec t ion  2.2). Invoking 
Equations (FZ2) and (FZ4), t h e  s o l i d  regions '  a x i a l  thermal g r a d i e n t s  a t  the  
i n t e r f a c e s  a r e  a l s o  known? 

!?or the  moment, c o n s i d e r  the  lower s o l i d  region (xL0 i n  Figure  1-2) 
and l e t  B(r) denote  the  known r e q u i r e d  thermal g r a d i e n t *  i n  the  s o l i d  region a t  
the  i n t e r f a c e  (PO), i . e . ,  

The b a s i c  idea  is t o  compute a temperature d i s t r i b u t i o n  f ( x ) ,  xcO, (hencefor th  
c a l l e d  a s u r f a c e  c o n t r o l  f u n c t i o n ) ,  t o  be maintained on t h e  s u r f a c e  of the  lower 
s o l i d  region such t h a t  the  r e s u l t i n g  cemperature d i s t r i b u t i o n ,  T ( x , r ) ,  f o r  the  
lower s o l i d  r eg ion  s a t i s f i e s  Equation ( 1 . 2 1 )  h i s  is c o n c i s e l y  s t a t e d  i n  
Problem PI-1. 

- .  
t Equations (FZ2) and (FZ4) of Figure  1-2 guarantee  the  conse rva t ion  of energy 
a t  the  sol id-mel t  i n t e r f a c e s  (PO and PQ). kt and kS a r e  the  s o l i d  and l i q u i d  
thermal c o n d u c t i v i t i e s  while 1 is  product of the  growth r a t e ,  s o l i d  d e n s i t y  and 
l a t e n t  heat  of f u s i o n  !15]. 

- f * Standard mathematical aomenclature is used in t h i s  repor t .  Both the opera tor  
aT urd rubsc r ip t  w t a t i o n  are used for p a r t i a l  d e r i v a t i v a s ,  e.g, , - and Tx both 

1 

ar denote the  p a r t i a l  d e r i v a t i v e  of T(x,r) with  respec t  t o  x. For u n c t i o n s  of ! . ,  ', 
one va r iab le ,  the  "prime" c o m a t i o n  f o r  d e r i v a t i v e s  is observed, e .g . , h"(x) '. 8 I'. . 
denotes the  second d e r i v a t i v e  of h(x). The Laplacian opera tor  is denoted by b '  

A and is, i n  c y l i n d r i c a l  coordinates ,  f '  
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Problem P I - 1  Camputo f ( x )  such t h a t  the  s o l u t i o n  T ( x , r )  of 

also s a t i r f i o r  the b o u n d a q  condit ion (1.201) 

The const-nt  PS is the  s o l i d  Peclet number [2Q and from a p r a c t i c a l  
viewpoint,  t h e  func t ion  A(r) i n  Equations (1.2.1) i s  the  m a t e r i a l  mel t ing po in t .  
Moreover, s i n c e  numerical  methods w i l l  be employed, Condit ion (1.2.1) w j  11 only  
be s a t i s f i e d  approximately i n  p r a c t i c e .  

Having s t a t e d  t h e  ques t ion  f o r  t h e  lower s o l i d  reg ion ,  the  
corresponding ques t ion  f o r  t h e  upper s o l i d  reg ion  is analogous. Namely, l e t  
~ ( r ) )  be t h e  required thermal g r a d i e n t  i n  t h e  upper s o l i d  region a t  the  upper 
solid-melt  i n t e r f a c e  (w), i.e., 

Then f i n d  a s u r f a c e  temperature d i s t r i b u t i o n  g ( x ) ,  x a  (hencefor th  a l s o  c a l l e d  a  
s u r f a c e  c o n t r o l  f u n c t i o n ) ,  t o  be maintained such t h a t  t h e  r e s u l t i n g  temperature 
d i s t r i b u t i o n ,  T ( x , r ) ,  f o r  t h e  upper s o l i d  reg ion  s a t i s f i e s  ( 2 . 3 )  This  is  
conc i se ly  s t a t e d  i n  Problem PI-2. 

Problem PI-2. Determine g(x) such t h a t  t h e  s o l u t i o n  T ( x , r )  of 

.? 1 
*I ! 

a l s o  s a t i s f i e s  the  boundary cond i t ion  (1.2.3). 
. . 

1 I 

j- To help  make v a r i o u s  computer code3 l i s t e d  i n  Appendix C e a s i e r  to  fol low,  
i I - .  

t h e  thermal g r a d i e n t s  I n  Problem P1-1 and PI.-2 a r e  both represented by t h e  same 
, 
I '  symbol, B(r) ; however, these  g r a d i e n t s  a r e  not  n e c e s s a r i l y  the ' same. For 

b .  

'y g e n e r a l i t y ,  a  s i m i l a r  remark holds Ltrr the  symbol A(r) .  
I . I 



As before, in practice A(r) is set to the melting temperature and Equation 
(1.2. will only be satisfied approximately due to the numerical solution of 
the problem. 

Problems P1-1 and Pl-2. stated above belong to the clarr of so called 
ill-pored or over-under pored problemr. Unlike moot claarical recond order 
boundary value problemr where each portion of the boundary rurface is arrigned a 
boundary condition, Problemr P1-1 and P1-2 have two boundary conditionr 
(over-pored) arrigned to each of their rerpective rolid-melt interfaces (for 
example, in Problem 1 1  T(0,r)- (r) and T,(O,r)-B(r)) and no boundary 
condition (under-poaed) arrigned t o  the lateral rurfaces of either of the solid 
regions. Indeed, part of the problem is to determine the proper missing 
boundary condition (for example, T(x.1)-f(x) for Problem Pl-1) so as co relax 
the overposing of boundary conditions at the solid-melt interfaces. The 
solutions of Problem Pi-1 and Pl-2 are the subject of Chapter 3. 

Next suppose that the solid regions" surface temperature distributions 
f(x) and g(x) (see Figure 1-2, Equations (FZ6) and (FZ10)) are fixed (by derign 
or happenstance). Since the temperature at both of the rolid-melt interfaces is 
asswed to be the melting temperature for FZ applications, the temperature 
distributions in both of the solid regions are computable (see Section 2.3). 
Hence the axial thermal gradients in the solid regions at the solid-melt 
interfaces are computable. Thur, the axial thermal gradients in the melt zone 
at the solid-melt interfaces (-0 and x-Q) are known after invoking Equations 
(FZ2) and (FZ4) of Figure 1-2 and are denoted by 

The problem is to determine a surface temperature h(x) ,  0 < x < Q (henceforth 
called the melt zone surface control function), to be rnaTntarncd on the melt 
zone surface such that the resulting temperature distribution, T(x,r), for the 
melt zone satisfies (1.2.5). This is concisely stated in Problem P1-3. 

Problem Pl-3 Determine h(x) such that the solutiop T(x,r) of 

also satisfies the boundary conditions (1 b2.5) 



The conrtant P ia  the l iquid Peclet number and from a FZ point of 
view, C(r)and D(r) aqua! the material melting point. A. with Problem PI -1  and 
PI-2 ,  the numerical nature of the proposed solution method (the subject of 
Section 4.0) means that Conditions ( 1 . 2 . 5 )  w i l l  only be apprc*groately s a t i s f i e d .  
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Before turning t o  those  moral and 
mental a s p e c t s  of t h e  mat te r  which 
present  t h e  g r e a t e s t  d i f f i c u l t i e s ,  
l e t  t h e  i n q u i r e r  begin by master ing 
more elementary problems. 

--Sherlock Holmes,, "A Study i n  
S c a r l e t "  

DESCRIPTION OF THE CLASSICAL PROBLMS AND CBAPTER OUTLINE 

Before developing methods t o  compute t h e  melt zone and s o l i d  r e g i o n s '  
s u r f a c e  c o n t r o l  f u n c t i o n s  which w i l l  y i e l d  t h e  d e s i r e d  f l a t  sol id-mel t  
i n t e r f a c e s t ,  two more e lementary  problems must be  d i spa tched .  These a r e :  

Problem PZ-1: Given a s u r f a c e  temperature  d i s t r i b u t i o n  f o l  t h e  mel t  zone, 
compute the  r e s u l t i n g  i n t e r i o r  temperature  d i s t r i b u t i o n  of t h e  melt zone. 

Problem P2-2: Given a s u r f a c e  temperature  d i s t r i b u t i o n  f o r  one of the  ' 

s e m i - i n f i n i t e  s o l i d  reg ions ,  compute t h e  r e s u l t i n g  i n t e r i o r  temperature  
d i s t r i b u t i o n  f o r  t h a t  region.  

I n  a d d i t i o n  t o  s o l v i n g  Problems P2-1 and P2-2, methods f o r  
approximating t h e  i n t e r f a c e  g r a d i e n t s  a r e  presented i n  t h i s  chap te r .  The 
techniques  developed t o  s o l v e  Problems P2-1 and P2-2 w i l l  have t h r e e  important  
f u n c t i o n s  i n  t h i s  s tudy.  F i r s t ,  they  v i l l  be used t o  g e n e r a t e  the  s o l i d  and 
melt zone g r a d i e n t s  requ i red  a t  t h e  i n t e r f a c e s .  Second, and - probably most 
important ,  the  s o l u t i o n  techniques  f o r  Problems P2-1 and P2-2 w i l l  i n t r o d u c e  the  
essential d e f i n i t i o n s  and d u a l  i n t e g r a l  t r a n s f o m s  which v i l l  be used l a t e r  t o  
compute the  d e s i r e d  s u r f a c e  c o n t r o l  f u n c t i o n s  (Chapters  3 and 4 ) .  h i r d ,  t h e s e  
techniques  wi l l  be used t o  s t u d y  how w e l l  ( o r  poor ly )  t h e  computed a e l t  zone ( o r  
s o l i d  reg ion)  s u r f  a c e  c o n t r o l  f m c t i o ~  per2orss. 

Problems P2-1 and P2-2 a r e  resolved i n  S e c t i o n s  2 . 2  and 2.3 
r e s p e c t i v e l y .  Some numerical  t e s t  c a s e s  a r e  d i scussed  i n  Sec t ion  2.3 a long w i t h  
tvo examples with cor responding ly  important  remarks. 

2.2 SOLDTION OF PROBLEM PZ-1 

Suppose t h e  melt  zone of Figure  1-2 i s  i s o l a t e d  (and perhaps 
t r a n s l a t e d )  as disp layed  i n  Figure  2-1. 

r m  : ,o reduce the  t e m i n o l o g p ,  the  solid-me1 t i n t e r f a c e s  w i l l  hence f o r t h  b e  

r e f e r r e d  t o  merely a s  t h e  i n t e r r a c e s .  The ax ia l  thermal g r a d i e n t  i n  a s o l i d  
region ( o r  melt zone) a t  an i n t e r f a c e  w i l l  be r e f e r r e d  to a s  a s o l i d  region ( a  
melt zone) i n t e r f a c e  g r a d i e n t .  
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REMARK: FOR FZ a T 
AT = Pe zi 
T(x.1) = h ( x )  

Figure  2-1 Generalized Melt Zone - 
L .  

R e a l i s t i c a l l y ,  t h e  m e l t  zone end temperatures A(r)  and B(r) a r e  both 
.. . ...~ . t h e  m a t e r i a l  me l t ing  temperature;  however, f o r  sake  of i l l u s t r a t i o n ,  we r e q u i r e  
'. 
i. 

only  t h a t  A(r)  and B(r)  be s u f f i c i e n t l y  smooth. Problem P2-1 can then be 
-- . 

, mathematically s t a t e d  a s :  
< :  

Problem P2-3: Determine T ( x , r )  such t h a t  - 
A T = R x ,  O c r d  l a a d x o < x c ~  

T(xo , r )  = A ( r )  , 0 < r <  1 

T(%,r)  - B(r)  , 0 < r < 1 

and 

where A( r i ,  B(r)  an; h (x )  a r e  s u f f i c i e n t l y  smooth, A( 1 )=h(x,?and B( l )=h(xx) ,  and 
P ( t h e  P e c l e t  number wi th  the  s u b s c r i p t  "I," suppressed f o r  conven iencr ) i s  a 
p o s i t i v e  cons tan t .  

Before so lv ing  Problem P2-3, some n o t a t i o n  i s  i c  o r d e r :  

Notation N2-1: 

(i) R ( r )  = A(r)-A(1) 
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(ii) S ( r )  = B(r)  - B(1) 
( i i i )  U d r )  = Jo(X,r) where AI < A A3  c , . .  

i. t h e  increasing sequence of? r e a l  r o o t s  of 
t h e  Beesel f u n c t i o n  Jo . 

Solu t ion  Technique: The b a s i c  i d e a  is  t o  assume t h e  s o l u t i o n  T(x,r)  i s  the  sum 
of t h e  l a t e r a l  s u r f a c e  temperature h(x) p lus  some unknown func t ion  8 ( x , r ) ,  i .e . ,  

T(x, r )  = B(x,r) + h(x) 

Problem P2-3 can then be r e c a s t  a s :  

and 

Although Equation (2.2.6) is more complex than Equation ( 2 . 2 .  the  
corresponding boundary c o n d i t i o n s  a r e  g r e a t l y  s i m p l i f i e d .  F i r s t ,  the  D i r i c h l e t  
cond i t ion  (2.2.4) i s  replaced by a  s imple  homogenous boundary c c n d i t i o n  (2.2.9). 
I n  a d d i t i o n ,  because A11 = s ( 1 )  = 0,  t h e  boundary cond i t ions  (2.2.7)  and 
(2.2.8) can be f u r t h e r  s i m p l i f i e d  by var ious  Bessel  s e r i e s  expansions. For t h e  
moment, assume 0(x , r )  is expanded a s  

Then using the fol lowing w e l l  known proper ty  of Bessel  func t ions  118, 

the  func t ions  C , l x )  of Equation (2.2.11) a r e  computed t o  be 
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If t h e  i n t e g r a l  p o r t i o n  of Equation (2.2.13) is denoted b y q n ( x ) ,  then Equations 
(2.2.11) and (2.2.13) may be combined t o  form a dua l  i n t e g r a l  transform pa?.r: 

Unfortunately,  t h e  d e s i r e d  8 ( x , r )  of Equation (2.2.14) involves  gn(x) which i n  
t u n  r e q u i r e s  knowing O(x,r);  f o r t u n a t e l y ,  t h i s  r a t h e r  c i r c u l a r  problem may be 
resolved by invoking Green's theorem. I f  both s i d e s  o f  the  p a r t i a l  d i f f e r e n t i a l  
equat ion (2.2.6) a r e  m u l t i p l i e d  by i/rn(r)rdr and t h e  r e s u l t i n g  terms i n t e g r a t e d  
from PO t o  r l ,  a a p p l i c a t i o n  of Green's theorem combined with- the  f a c t  t h a t  

impl ies  
2 

x )  - x - in x = x , xo e*X N 

where 

~ i n c e A 1 )  = a l )  = 0,  t h e  smooth func t ions rq( r )  and s ( r )  may be represented by 
the  following Bessel  expansions:  

0 

The above c o e f f i c i e n t s A , a n d  9, could be computed us ing i n t e g r a l  
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represen ta t ions  f lBJ , f o r  example, 

I 

v r  t o  avoid the eventua l ly  requlred nrrmerical i n t eg ra t i on  of such 
I !  presentat ions,  the  c o e f f i c i e n t s  4 and gh may be approximated using a i e a s t  
spiuares method a s  described a t  t h e  end of t h i s  secti_on. Combining Equations 
( 7  2 . 7 ,  (2.2.8), (2.2.12), and (2.2. i4j-(2.2.18), Bn(x) may be uncoupled from 
C) ( .K ,~ )  a s  the so lu t ion  of the  following two point  boundary value problem: 

2 
Since An > 0 , it ie w e l l  known [ 5 1 t ha t  Problem (2.2.19) has a unique 
so lu t ion .  Although the so lu t ion  of (2.2.19) could be determined by a va r i a t i on  
of parameters method [ 1 1 ,  such a technique inev i t ab ly  cequi res  numerical 
in tegra t ion .  A more s t ra ightforward method is t o  d i s c r e t i z e  (2.2.19) i n  t h e  
Eolloving fashion. F i r s t ,  the  i n t e r v a l  from x, t o  xN is pa r t i t i oned  by the g r i d  
, ~ o i n t s :  

where M.& = % - xo. Then so lve  the  following f i n i t e  d i f fe rence  analog of 

the  boundary value problem (2.2.19) : 
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The l i n e a r  system (2.2.20) is t r i d i a g o n a l  a n d  guaranteed t o  have a s o l u t i o n  [ 9 1 
i f  . P 0 A X 5  2. b r p o v e r ,  t h e  s o l u t i o n  v e c t o r  {p ... , ~$1 provides  a second i r d e r  
approximation of Z n  (x), i .e.,  

0 * 

I n  a d d i t i o n ,  t h e  boundary d e r i v a t i v e s  of - . m a y  be a c c u r a t e l y  approximated [ 3 1 
by the  following unbalanced f i n i t e  d i f f e r e n c e s  : 

Since 

Equations (2.2.21) and (2.2.22) may be combined t o  approximate the  a x i a l  
g r a d i e n t s  a t  xtxo and x ( a  very important requirement i n  Chapters 3 and 4 ) .  

N 

To f i n i s h  t h i s  s e c t i o n ,  a s h o r t  d e s c r i p t i o n  is  given ' o f  how t h e  
c o e f f i c i e n t s  An of Equation (2.2.17) a r e  approximated ( t h e  aame 
technique a p p l i e s  t o  Equation (2.2.18)). F i r s t ,  denote rf = M ,  i = 1,  . . . , M + 1 and s e l e c t  N << M ( t y p i c a l l y  N = 20 and M = 103). Define an ( ~ 1 )  
by N a r r a y  L and ( H I )  dimension v e c t o r  b by the  r e s p e c t i v e  elements:  

L = JOG r and bi - d r i )  il 1 1  

Let ; be the s o l u t i o n  of the Linear l e a s t  squares problem [I:. Chapter 53: 

Then the  f i r s t  N c o e f f i c i e n t s ,  An, of (2.2.17) a r e  approximated by 
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SOLUTION OF PROBLEM P2-2 

Analogous to the solution technique of Problem P2-1 i n  Section 2 . 2 ,  
suppose the lover so l id  region of Figure 1-2 is isolated as  shorn i n  Figure 2-2. 

LOWER 
SOLID 
REGION 

STATE EQUATION 

REMARK: FOR FZ PRllBLEM 
A ( r )  = MELT PT. 

Figure 2-2 Generalized Lover Solid Region 



R e a l i s t i c a l l y ,  t h e  upper end temperature A( r )  of the  lower s o l i d  rt ;: - - 4 -  . the 
m a t e r i a l  me l t ing  temperature ;  however, f o r  t h e  sake of i l l u s t r a t i o r . ,  i t  1s only  
requ i red  t h a t  A(r) be s u f f i c i e n t l y  smooth. In  a d d i t i o n ,  i t  is assumeu cr: , :c  the  
l a t e r a l  s u r f a c e  t T p e r a t u f , e  f ( x )  is  smooth, a s y m p t o t i c a l l y  cons tan t  a s  x .t - 
and is such t h a t  f  and f  approach ze ro  a s  x  + - - ( l o o s e l y ,  t h i s  means f ( x )  
resembles a  h o r i z o n t a l  l i n e  a s  x approaches - - j .  Mathematically,  t h e  lower 
s o l i d  r eg ion  c a s e  of Problem P2-2 may be s t a t e d  as: 

Problem P2-4: Determine T ( x , r )  such t h a t  

A T = , O < r < l a n d x < O  

and 

The func t ions  A(r) and f ( x )  a r e  assumed s u f f i c i e n t l y  smooth, and f o r  
- c o m p a t i b i l i t y ,  A(1) = f(0). I n  a d d i t i o n ,  :in f  (x) e x i s t s  and is f i n i t e  and 

Xrca 

both  f '  and f  ' I  approach ze ro  a s  x + - as. The c o n s t a n t  P is assumed t o  be 
p o s i t i v e  ( the  s u b s c r i p t  '!sf' is suppressed f o r  convenience).  

The n o t a t i o n  e h t a b l i s h e d  i n  Sec t ion  2.2 w i l l  be r e t a i n e d  wi th  the  
except ion of G(x) which now r e p r e s e n t s  G(x) = Pf ' ( x )  - f  " (x) .  The so luc ion  
technique is very similar t o  t h a t  used i n  Sec t ion  2.2 F i r s t ,  T ( x , r )  i s  expressed 
a s  

and Equations (2.3.1) - (2.3.5) a r e  r e c a s t  a s :  

A@ - p B x + G  , 0 < r < 1 and x <  0 

and 

.- 
t.: 



The boundary va lue  problem (BVP) g i v e n  by t h e  Equa t ions  (2.3.6)  - 
(2.3.10) i s  s o l v e d  i n  a manner s i m i l a r  t o  t h e  s o l u t i o n  of  t h e  BVP (2.2.6) - 
(2.2.10). 1 f A r )  i s  r e p r e s e n t e d  as i n  Equat ion  (2.2.17),  t h e n  t h e  BVP (2.3.6)  - (2.3.10) may be t ransformed by t h e  d u a l  i n t e g r a l  t r a n s f o r m  p a i r  (2.2.14) i n t o  
t h e  f o l l o v i n g  boundary v a l u e  problem: 

where < i s  s t i l l  d e f i n e d  as i n  (2 .2 .16) .  Using a v a r i a t i o n  of pa rame te r s  
t echn ique ,  t h e  s o l u t i o n  of  t h i s  BVP is g iven  by 

where 

and 

Since  each  s u m a n d  i n  (2.3.11) i s  t h e  product  of a n  e x p o n e n t i a l l y  exp lod ing  and 
1 .  

e x p o n e n t i a l l y  decay ing  term, t h e  proof t h a t  lim en ( x )  0 is r a t h e r  d e l i c a t e  * 
and is  r e se rved  f o r  Appendix B. The s o l u t i o n  of Problem P2-4 i s  



Since the float zone process also involves the upper solid region of 
Figure 1-2, an upper region analog of Problem P2-4 must be solved. After 
translating the upper interface to g 0  for convenience, the mathematical 
statement of such a problem is: 

Problem P2-5: Determine T(x,r) such that 

and 

As before, A ( r )  and g(x) are assumed sufficiently smooth and, for 
compatibility, A(1) = g(0). In addition, lim g(x) exists and is finite, both 

lv- 
g ' and g" approach zero as +, and P>O. 

Without belaboring the details, the solution of Problem P_2-5 is given 
by Equation (2.3.12) (g(x) obviously re7laces f(x)) where Gn(x) is still 
represented by Equation (2.3.11) with the %, sn," and 6, unchanged but with 

n new An and B,, namely 
4- 

and 

As a computational aside, the numerical method described in Section 
2.2 can be used to approximate the analytically defined solutions of this 
section. For example, in the upper solid region case, if the surface 
temperature g(x) is rather constantforx, say, greater than some L, then the 
solution of Problem P2-5 may be approximated for 0 < x < xN by the solution of 
Problem P2-3 with xN set to, say 3L, and B(r) = g(xNj and h(x) = g(x) .  
%reover, r h r  gradient at the translated bottom, x = 0, O F  the upper solid 
region may be accurately estimated by the approximate gradient generated by 
Equations (2.2.21) and !2.2.22). 
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Numerous t e s t  c a s e s  t o  numerical ly  v e r i f y  the  above remarks were 
genera ted wi th  A(r) - 0 ( t o  s imula te  a s o l i d - m e l t  i n t e r f a c e ) ,  0.1 3 P $1.0,  and 
x N =  2L and 3L (L  t y p i c a l l y  on t h e  o r d e r  of 10). The approximate temperatures  
(and g r a d i e n t 8 ) s o  obta ined were q u i t e  a c c u r a t e ,  

2 . 4  AN UNSETTLING FACT WITH AN ADDED NICE SURPRISE 

Consider f o r  t h e  momeat Problem P2-4. If A(r) - 0 ( t o  s imula te  a 
solid-melt  i n t e r f a c e )  and two temperature  d i s t r i b u t i o n s  TI and Tz a r e  genera ted 
corresponding t o  two s u r f a c e  temperature  c o n d i t i o n s  fl  (x)  and f2 ( x ) ,  , then i f  
f  ,- f t  , i t  is reasonab le  t o  expect  TL = T2. I n  a d d i t i o n ,  i f  f ;  a f 2  nea r  x . 
= 0 ,  then i t  is a l s o  reasonab le  t o  expect  t h a t  the  corresponding thermal 
g r a d i e n t s  of TI and T2 w i l l  be c l o s e  a t  x = 0. These i n t u i t i v e  obeenra t ions  a r e  
indeed t r u e  and may be r i g o r o u a l y  proven a f t e r  such concepts  a s  "close" zi-e 
p r e c i & l y  de f ined .  A l l  of t h i s ,  however, might l ead  t o  t h e  a s s u p t i o n  t h a t  i f  
I t  and f 2  a r e  not  c l o s e ,  then t h e  corresponding thermal g i a d i e n t s  ana 
temperature d i s t r i b u t i o n s  nea r  the  s imulated sol id-mel t  i n t e r f a c e  ( x  = 0)  a re  
probably not  c l o s e .  Th i s ,  of course ,  is not  always t r u e ,  and w i l l  be 
i l l u s t r a t e d  i n  t h i s  s e c t i o n  by two examples. I n  f a c t ,  t h e  second example w i l l  
demonstrate the  somewhat u n s e t t l i n g  f a c t  t h a t  i t  is q u i t e  p o s s i b l e  f o r  f t ( x )  t o  
exponen t i a l ly  explode whi le  f 2 ( x )  remains n i c e l y  bounded wi th  the  corresponding 
thermal g r a d i e n t s  a t  x - O v i r t u a l l y  i n d i s t i n g u i s h a b l e .  Ln l i g h t  of the  
developaent p resen ted  i n  Sec t ion  1.2, t h i s  impl ies  t h e r e  might e x i s t  many va r ied  
s u r f a c e  c o n t r o l  f u n c t i o n s ,  a l l  of which provide the  requ i red  ( o r  n e a r l y  s o )  
thermal g r a d i e n t  a t  t h e  d e s i r e d  i n t e r f a c e .  I f  t h i s  is the  c a s e ,  then the  f l o a t  
zone furnace  d e s i g n e r  may have a t  h i s  d i s p o s a l  many d i f f e r e n t  p rospec t ive  
s u r f a c e  c o n t r o l  f u n c t i o n s  t o  choose from ( a  n i c e  s u r p r i s e ) ,  For example, the  
des igner  might s e l e c t  a s u r f a c e  c o n t r o l  func t ion  t h a t  r e q u i r e s  a minimum of 
power. 

The two examples i n  t h i s  s e c t i o n  c l e a r l y  demonstra te  t h a t  smal l  
changes i n  the  thermal g r a d i e n t  a t  the  end boundary ( x  = 0 )  can r e s u l t  i n  a 
r a t h e r  l a r g e  change i n  the  r e s u l t i n g  s u r f a c e  c o n t r o l  func t ion .  This ,  a s  noted 
before ,  can provide  an e n t i r e  family  of u s e f u l  s u r f a c e  c o n t r o l  func t ions  i f  the  
FZ d e s i g n e r  is w i l l i n g  t o  permit  a s l i g h t  "misf i t"  ( a l b e i t  smal l )  between t h e  
d e s i r e d  and ob ta ined  thermal g r a d i e n t s  a t  the  end boundary ( x  = 0 f o r  the  
fo l lowing examples). Unfor tuna te ly ,  t h i s  a l s o  means t h a t  an a t t empt  t o  measure 
che s e n s i t i v i t y  of the  requ i red  s u r f a c e  c o n t r o l  f u n c t i o n s  t o  changes i n  t h e  
m a t e r i a l  o r  system parameters (which obviously  produce changes i n  the  d e s i r e d  
i n t e r f a c e  thermal g r a d i e n t )  can be q u i t e  mis leading and should probably not  be 
at tempted.  

Example E2-1: In  t h i s  example, P = 0.1, A(r)  = 0 and t h e  lower s o l i d  region 
case  ( ~ 5 0 )  i s  s e l e c t e d .  The nominal s u r f a c e  temperature fl i s  i l l u s t r a t e d  i n  
Figure 2-3;the s u r f a c e  temperatures  f , ,  ..., fS ( a l s o  i l l u s t r a t e d  i n  Figure 2-3) 
a r e  p e r t u r b a t i o n s  of the  nominal f ,  . 

L e t t i n g  Ti denote  the  thermal d i s t r i b u t i o n s  corresponding Z t o  the  
s u r f a c e  temperatures  f i ,  t he  r e l a t i v e  d i f f e r e n c e  (measured i.n both L andL"' 
normat) bemeen t h e  lominal  g r a d i e n t  of TI and each o f  t h e  gnd1en t . c  f T, , I = 
2 ,  .., 5,  a t  the  end boundary, x = 0, i s  i l l u s t r a t e d  tn Ftgure 2-4. 

2 ' For a f u n c t i o n  h k ) ,  Osr<l, the L and L' n o a s  are ( r e r p e c t i v c l y )  
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Gradient 



Note t h a t  even f o r  t h e  c a s e s  where f l ,  the  nominal s u r f a c e  
temperature,  is per turbed r e l a t i v e l y  c l o s e  t o  the  end boundary ( x  = 01 ,  t h e  
corresponding p e r t u r b a t i o n s  of t h e  thenna l  g r a d i e n t s  a t  t h e  x = 0 bocndary a r e  
e t i l l  remarkably c l o s e  t o  t h a t  of t h e  nominal g r a d i e n t .  

Example E2-2: _ I n  t h i s  example, P - 0.1, A(r) = 0 ,  and t h e  upper s o l i d  region *. 

( t r a n s l a t e d  t o  x 0 )  is  s e l e c t e d .  Supporre i t  is requ i red  t h a t  the  thermal 
g r a d i e n t  a t  x - 0 be i d e n t i c a l l y  1,  i .e . ,  Tx(O,t) = 1, A p a r t i c u l a r  s u r f a c e  

).,, 
c o n t r o l  f u n c t i o n  g t ( x )  which w i l l  g i v e  the  d e s i r e d  r e s u l t  is the  e x p o n e n t i a l l y  
growing s u r f a c e  temperature:  

I n  f a c t ,  the  corresponding thermal d i s t r i b u t i o n  T- is  i d e n t i c a l i :  la1 t o  g:. 
Suppose g ( x )  , . . . , g (x)  a r e  s u r f  ace  c o n t r o l  f c n c t i o n s  t h a t  e q  : ' ., . ( x )  on a n  
i n t e r v a l  [ 6 , r ,  1, i - 2,'. . . , 5 b u t  a r e  a sympto t i ca l ly  cons tan t  a s  .. .iovs ( s e e  
Figure 2-3.) - The r e l a t i v e  ~2 and LOD d i f f e r e n c e s  between the  thermal g r a d i e n t s  
a t  x = 0 of t h e  corresponding temperature  d i s t r i b u t i o n s  T2, . . . , T5 and t h e  
thermal g r a d i e n t  of  T, is i l l w t r a t e d  i n  Figure  2-6 .  Note t h a t  even when 8 ,  
(a  bounded s u r f a c e  t impera tu re )  s e p a r a t e s  from g l  (an  unbounded surfacii  
temperature) r a t h e r  c l o s e  t o  the  end boundary (PO), the  two corresponding 
thermal g r a d i e n t s  a t  x = 0 a r e  remarkably c l o s e  ( s e e  Figure 1-5, z = 0.5).  
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Figure 2-5 Nominal and Perturbed Surface 
Tanperatures 
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i 8  Perturbed 
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of the Surface Temperature 
on the T h e m  Gradients 
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3.0 TZIE COOLING CONTROL FUNCTIONS 

It is an old maxim of mine t h a t  when 
you have excluded the impossible, 
whatever remains, however improbable, 
must be the t ru th .  

--Sherlock Holmes , "The Adventure 
of the BeLyl Coranet" 

The main t h r u s t  of ch is  chapter  is t o  provide so lu t ion  methods f o r  , 

Problems PI-1 and PI-2. Beginning with Problem PI-1, suppose a temperatare 
d i s t r i b u t i o n  T(x,r)  is required t o  s a t i s f y  two known boundary condi t ions  

a t  the lower so l id  region's end boundary ( t h e  melt-solid i n t e r f a c e  i n  p r a c t i c e )  . 

as depicted i n  Figure 3-1. 

(S ta te  Equation) 

1E:IARK: =or FZ ?rob?ems,  

A (  r j  = Me1 t ing  Temperature 

F:gure 3-1 FZ Lower S o l i d  Region Problem 

3- 1 
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Recal l  from Sec t ion  1.2 t h a t  the  problem is t o  f i n d  some ( a t  t h i s  point  unknown) 
cool ing c o n t r o l  f u n c t i o n  f ( x ) ,  xLO, such t h a t  t h e  s o l u t i o n  of t h e  well-posed 
boundary value  problem : 

and 

T(x,l)=f (x) , x  c 0 (3.0.5) 

a l s o  s a t i s f i e s  t h e  a d d i t i o n  boundary c o n d i t i o n  (3.0.2). The b a s i c  idea of t h e  
proposed method is tb s o l v e  t h e  boundary va lue  problem (3.0.3)-(3.0.5) by the  
method descr ibed i n  Sec t ion  2.3 and,  i n  t h e  process  f i n d  a s u f f i c i e n t  number of 
cond i t ions  t o  a l l o w  t h e  c a l c u l a t i o n  of t h e  d e s i r e d ,  bu t  unknown, f (x ) .  F i r s t ,  
from a p r a c t i c a l  po in t  of v iev ,  any v i a b l e  c o n t r o l  f u n c t i o n  f (x )  should become 
r a t h e r  cons tan t  a s  t h e  d i s t a n c e  from t h e  lower i n t e r f a c e  inc reases .  Rus 
It is  expected t h a t :  

lin f(x)  exists and is f i n i t e  
m 

and 

Proceeding a s  i n  Sec t ion  2.3, denote t. 

T(x,r) = 8(x,r)  + f  ( x )  

G(x) = ~f - f" - 
h r )  - A(r) - E(0) 

S(r> - B (r; - f' (0) 

For f ( x )  t o  be compatible v i t h  A(r)  and B ( r ) ,  

A(1) f iO)  

and 

B ( 1 )  = f ( 0 )  

Then Equations (3.0.2)-(3.0.5) reduce t o  

?For  the  moment, suppress  t h e  s o l i d  s u b s c r i p t  "sl', L.e., Ps=P. 



Denote - J (A r) uhers A 1  < X2 < X3 < . .. are the real roots of the 
0 0 

zero order Besuel function- AS in Chapter 2, let 

and 

form a dual integral transform pair. If f K r )  and g ( r )  are expanded i n  the 
Bessel series : 

and denoting 

then operating on (3.0.10) 5y  the integral transform (3.0.12) yields 
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In p r a c t i c e ,  t h e  Bessei  c o e f f i c i e n t s ,  An and gn i n  (3.0.13) and (3.0.14) a r e  
approximated by l e a s t  square  methods a s  desc r ibed  i n  Sec t ion  2.2. I n  a d d i t i o n ,  
f o r  I 2  a p p l i c a t i o n s  4 = 0 because A( r) is cons tan t  ( t h e  a t a r e r i a l  mel t ing 
temperature).  Denoting 

and 

the  s o l u t i o n  of (3.0.16)-(3.0.18) is then: - 

2 Since ?&(XI = ( p i '  (x)  - f l ' ( x ) )  (&)/2 approaches zero a s  x proceeds toward 
negat ive  i n f i n L t y  ( s e e  (3.0.7)), an argument s i m i l a r  t o  t h a t  found i n  Appendix B 
w i l l  show t h a t  t h e  second summand i n  (3.0.19) approaches zero  a s  x approaches 
negat ive  i n f i n i t y ;  s i n c e  a ~ i s  por l i t ive ,  the  f i r s t  summand of (3.0.19) shares  a 
s i m i l a r  f a t e .  I n  l i g h t  of (3.0.6), i t  is  reasonabie  io assume ( o r  r e q u i r e  
depending on the  point  of view) t h a t  
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and hence l i m  Fn(x) = 0. Comblnin(r these  observa t ions  wi th  (3.0.19). t h e  
x- 

remaining c o n d i t i o n s  t o  be used i n  determining f ( x )  are 'easily disce rned ,  
name1 y : 

Since i C ) ,  an  a n a l y s i s  s i m i l a r  t o  t h a t  of Appendix B w i l l  show t h a t  (3.0.20) 
w i l l  be s a t t s f i e d  i f  

Since 

. . 
combining (3.0.6)-(3.0.9), and (3.0.21) wi th  two a p p l i c a t i o n s  of i n t e g r a t i o n  by > .  2 

p a r t s  y i e l d s :  

Denoting 

t h e  d e s i r e d  p r o p e r t i e s  of t h e  s u r f a c e  func t ion  f (x)  map be summari, -ed as: 
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lim f(x) exists and is finite 
x- I 
and f' (x) and fl'(x) + 0 as x + -- } 

To numerically approximate such a surface control function as f ( x ) ,  let t 

NSY S 
(k-1) t 

f(x) C cke 

Then, in light of (3.0.22), set 

and 

If the (HTEREHZ) by NSYS matrix L and ( M T E W 2 )  dimension vector are defined, 
for j = 1,2,..., NSYS, by 

= 1 and b1 = A(1) 
11 

- j-1 and b2 - B(1) 
2 j  

m e i n d e x  in the expansion of f(x) starts at k-1 instead of k=O to make 
referencing this section from the accompanying FORTRAN documentation easier 
(Appendix A). The index limits NSYS and MTEHM noted here will be used in the 
same role in tne accompanylng FORTRAN codes (Appendix C). 3-6 
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then,  provided Wl'EW2 > NSYS, t h e  c o e f f i c i e n t s  ck of (3.0.23) may be set t o  the  
l e a s t  squares  s o l u t i o n  of 

t h a t  is, 

The s o l u t i o n  method f o r  Problem Pl-2 is  s i m i l a r  t o  the  above and hence 
most of the  d e t a i l s  a r e  l e f t  t c  the  reader .  Using the  n o t a t i o n  establ . ished f o r  
Problem Pl-2 denote 

G(x) = pg' ( x )  - g" ( x )  

Ar) - A ( r )  - A ( 1 )  
and 

S(r) - B(r) - B ( 1 )  

As before ,  expand A r )  and g ( r )  a s  

and 

Then using the  above e s t a b l j s h e d  n o r a t i o n  f o r  S,, a,, and a,, the  d e s i r a b l e  
p r o p e r t i e s  of an  upper s o l i d  region surface c o n t r o l  f u n c t i o n  g(x) a r e  sununarized 
as : 

lim g ( x )  e x i s t s  and i s  f i n i t e  
m 



and 

Mimicking the previous analys i s ,  (3 .0 .28)  is  simplified by two applications of 
integration by parts. Thereafter, an approximation of g(x) given by: 

NSYS 

g(x) r C SZ (k-1) ( e x )  

i s  substituted into Equations (3 .0 .26 ) - (3 .0 .28 )  and the  desired coe f f i c i en t s  
determined by a l e a s t  squares method. 



4.0 THE HEATING CONTROL PUNCTION 

In f ive  minutes you w i l l  s ay  t h a t  i t  
is a l l  s o  absurd ly  s imple .  

--Sherlock Holmes,  h he Adventure 
of t h e  Dancing Man" 

The u l t i m a t e  g o a l  of t h i s  c h q p t e r  is t h e  s o l u t i o n  of Problem Pl-3. 
Suppose t h a t  t h e  t empera tu re  d i s t r i b u t i o n  T(x,r) f o r  t h e  melt zone is  r e q u i r e d  
t o  no t  o n l y  s a t i s f y  t h e  s t a t e  e q u a t i o n  

but a l s2  must s a t i s f y  f o r  O<r<l t h e  f o u r  boundary c o n d i t i o n s :  

and 

Tx(Q.r)  = B(r) ( 4 . 0 . 5 )  
* . . . 

\.',. - . ;  

' !nfortunatelg, not  o n l y  is  too much in fo rmat ion  s u p p l i e d  f o r  t h e  two end I .  
i boundaries (PO and x-Q; s e e  F igure  4 - I ) ,  a o  i n f o r m a t i o n  whatsoever i s  s u p p l i e d  

' r the remaining boundary, r = 1 ( a g a i n  see Figure 4-1).  

ST.4TE. EQUATION 
AT-PLTx 

j' j 
Figure  4-1 FZ Melt Zone Problem 
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The problem,therefore ,is to find some heating control function h(x) , 
Oix<_Q, such that the solution T(x,r) of the well-posed problem defined by the 
boundary condition T(x,l) = h(x) , the boundary conditions (4.0.2) and (4.0.3) 
and the stat? equation (4.0.1) also satisfies (or nearly so) the additional 
conditions (4.0.4) and (4.0.5). 

For simplicity, the functions C ( r )  and D(r) are both assumed to be 
'zero +. The generalization for nonconstmt C(r) or D(r) is similar to the 
following analysis and is left to the interested reader. As in Chapters 2 and 
3, define - 

and 

If T(x,r) is decomposed into 

then Equations (4.0.1 )-(4-0.3) imply * 

Denoting (x) = G(x)*Jl ( a)/ a d  transforming (4.0.10) by the integral 
transform 43.0.12). 

t For FZ work, both C(r) snd D(r) are set to the material melting temperature 
which can itself always be aesigned to be zero on some translated temperature 
scale. 

tr or convenience, suppress the "L" ( liquid) subscript, i* e . ,  PI =P 



. 
C . .  .. , ?. 

For convenience, let 

an (P + S,)/Z 
and 

6,- (P - S,)/2, 
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By a variation of parameters method, the solution of (4.0.11) is 

where 

For the desired h ( x )  to be.compatible with Equations (4.0.2)-(4.0.5) (recall 
C(r) and D(r) are set to zero), h(0) = 0 = h ( Q ) ,  h' (0) = A ( 1 )  and h' (Q) B ( 1 ) .  

In addition, since 0,(0,r) = & r )  and 8,(Q,r) =g(r), 
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Combining Equations ( 4 . 0 1 3  wi th  t h e  d e r i v a t i v e  of Tn ( x )  (ob ta in ing  by 
d i f f e r e n t i a t i n g t  (4.0.12)) y i e l d s  

and 

(A 
a 2 + *(I1 - f K2(n, t )  h ( t 1  clt 

where, i f  C, denotes ,  

then k e r n e l s  Kl and K2  i n  Equations (4.0.14) and (4.0.15) a r e  def ined by 

( 4 . 0 . 1 6 )  
Kl(n, t )  - Cn 

and 

f- The a c t u a l  process  of d i f f e r e n t i a t i n g  (4.0.12) i s  r o u t i n e  but l abor ious  and 
is  l e f t  t o  the  i n d u s t r i o u s  reader .  However, t h i s  i s  not t o  imply t h a t  g r e a t  
c a r e  should not be taken; s e v e r a l  of t h e  in tegrands  a r e  the  d i f f e r e n c e  of l a r g e  
func t ions  ( a  numerical ly  d e l i c a t e  s i t u a t i o n ) .  For the  i n d u s t r i o u s  reader  
w i l l i n g  t o  check these  r e s u l t s ,  the  removal of d e r i v a t i v e s  from integrands  by 
i n t s g r a t i o n  by p a r t s  i s  necessary.  
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h e  desired h(x) is numerically approximated by some expansion of the form: 

NSY S 

h(x) = %\(XI 

(far example, let h,(x)=xk-). To finish this development, solve for the 
coefficients ck in Equation (4.0.18) by solving (in a least squares senset) the 
System (4.0.19)-(4.0.23) given below. 

$\(s) - 0 
k- 1 
NSY S 

k- l 
NSY S 

k- 1 
NSYS 

ajnk Ck = b j n  v n=1.2.me., ?ITERN, and j - 1,2 
k= 1 

where 
cQ 

and 

- 
t In order to use a least squares method, the index tinits RSYS and YTERY 

should be selected such that NSYS/2 < !+!TERM + 1. 
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And here--ah, now, t h i s  r e a l l y  is 
something a l i t t l e  recherche 

--Sherlock Holmes, "The Musgrave Ri tua l "  

5 . 1  SOLID REGION SURFACE CONTROL FUNCTIONS 

In t h i s  s e c t i o n ,  t h e  methodology developed i n  Chapter 3 i s  i l l u s t r a t ~ d  
us ing m a t e r i a l  and system d a t a  provided by NASA. Reca l l  t h a t  the  problem is r o  
f i n d ,  a f t e r  being g iven  t h e  melt zone s u r f a c e  temperature  d i s t r i b u t i o n ,  the  
s u r f a c e  c o n t r o l  f u n c t i o n s  f o r  t h e  s o l i d  r e g i o n s  uhich a r e  compat ib le  wi th  f l a t  
i n t e r f a c e s .  The m a t e r i a l  and system parameters  u s e d  a r e  l i s t e d  i n  Table 5-1 2 n d  
were provided (and i n  some c a s e s  a p p r o p r i a r ? l y  modif ied)  by E .  Kern { N i i i  
c o n t r a c t o r ,  U U )  and E. Cothran !'IASA, I41). The material s e l e c t e d  vas s i l i c o n .  

TABLE 5-1 NATERW, AND SYSTM PARAMETERS 

I I5e melt zone s u r f a c e  temperature  d i s t r i b u t i o n  used vas suggested by E .  Ke-7 ! ! 1 and is i l l u s t r a t e d  i n  Figure  5-1. 

i 
Xadius 0 . 2 4 1 3  cm 
?fe l t  Length 1.1684 cm I 

I 
The s u r f a c e  c o n t r o l  funcc ions  f o r  v a r i o u s  combinations o f  YTER?! at-: ! 

XSYS ( s e e  ~ q u a t i o n s  (3.0.23) and ( 3 . 0 . 2 4 ) )  obta ined  by t h e  methods o f  Chapter i 
a r e  i l l u s t r a t e d  i n  Figure  5 - 2 .  I 

Conduct i v i  t y  

I Sol id  
He l t  

I Density 

I S o l i d  
Zlelt 

I Heat Capaci ty  
S o l i d  

I Yel t  
Lacea c Eeat 

I Crovth Rate 
F e c l e t  Number 

So l id  
Xel t 

a e l t i n g  Temperacure 

7 . 5  c a l / O ~  e s e c  
16 cal/OK a sec 

2 . 2 8  gm/cm 
3 

I 
I 

2 . 5 3  grn/crn3 

4 3 1  cal/gm I 

I 0 . 2 4 1  c a l / O ~  gn , 
0 .265  c a l , " ~  gn 1 

2 . 3  m / m i n  I 
I 

0.0073L ! 

O.OOL21 
I 

1693O K 



Figure 5-1 Melt Zone Surface Temperature 
Distribution 

'iFQmN;\E - - 9 0  
OK AmvI I&LTIffi 

T U e u A r n K  

-- 60 

-- 30 

1.168 1.772 2.375 2.978 1.581 
I I I I I >> I I I I 

h x w .  OISTAmC (c*) 

urrm S L r n  U ? ? n  SOLID 

Figure 5-2 S o l i d  Regions' Surface 
Control Functians 
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I n  l i g h t  of Sec t ion  2 . 4 ,  t h e  v a r i e t y  of c o n t r o l  f u n c t i o n s  dep ic ted  i n  
Figure  5-2 i s  expected.  I n  a d d i t i o n ,  the  r e s u l t s  of Sec t ion  2 . 4  suggest  t h a t  
the  two lower s o l i d  s u r f a c e  c o n t r o l  f u n c t i o n s  t h a t  e v e n t u a l l y  a r e  above t h e  
mel t ing temperature may be modified a s  i l l u s t r a t e d  i n  Figure  5-3 without 
s u b s t a n t i a l l y  changing the  thermal g r a d i e n t s  a t  PO. 

The r e l a t i v e  d i f f e r e n c e s  between t h e  thermal g r a d i e n t s  ( i n  t h e  s o l i d  regions)  
required a t  t h e  i n t e r f a c e s  (~0.0 cm and I .  1684 cm) and those  obta ined us ing 
the  s u r f a c e  c o n t r o l  functions def ined  i n  Figures  5-2 and 5-3 a r e  l i s t e d  i n  
Table 5-2 

TABLE 5-2 RELATIVE DIFFERENCES BETWEEN THE 
REQUIRED L T E L ~ A C E  GRADIE?lTS AND THOSE 
RESULTING FROM THE USE OF THE SOLID 
REGIONS' SURFACE CONTR3L E'UNCTIONS 

I 
I 

i upper  F igure  5-2 0.000027 1 
9 Lower F igure  5-2 0.0013 

1 Lower Figure  5-3 0.061 i 
I 

R e l a t i v e  D i f f e r e n c e  
( i n  LL corm) 

0.0175 
0 .17 

I 
I 
i 

6 

A s  an a s i d e ,  i n  a  s e r i e s  of  t e s t  cases  over  a range of va lues  f o r  
MTEW and NSYS, the  r e l a t i v e  d i f f e r e n c e s  between the  requ i red  i n t e r f a c e  
g r a d i e n t s  and those  obta ined t ~ s i n g  s u r f a c e  c o n t r o l  f u n c t i o n s  f i r s t  decreased and 
then increased a s  NSYS ( o r  MTERM) was inc reased  while holding f ixed  the  va lue  of 
MTERM ( o r  NSYS). Natura l ly ,  t h i s  is t o  be expected s i n c e  an approximate 
s o l u t i o n  of an i l l -posed  problem is  a t tempted by employing an overposed system. 
This ,  df cokr;e, r e i n f o r c e s  t h e  o l d  maxim of always examining a  computed 
s o l u t i o n  f o r  "reasonab1ene;s." In  f a c t ,  the  computer sof tware  developed ( s e e  
~ p p e n d i x  A) t o  determine the  s o l u t i o n s  of Problems P1-1 and P1-2 a u t o m a t i c a l l y  
computes the  r e l a t i v e - e r r o r s  between the  required i n t e r f a c e  g r a d i e n t s  and those 
r e s u l t i n g  from the  use of  t h e  s u r f a c e  c o n t r o l  func t ions .  It cannot be 
o v e r s t a t e d :  always examine , t h e s e  r e l a t i v e  e r r o r s  before  accep t ing  a  computed 
s o l u t i o n  a s  reasonable .  

S u r f a c e  C o n t r o l  
Funct ion D e f i n i c i o c  

F igure  5-2 . 

F i g u r e  5-2 

m R i Y  
I 

YSY S 

i 3 

- 
t See the  Boundary Condit ions ( 1  .2.1) and ( 1 . 2 . 3  ) . 

S o i i d  
Region 

'Jpper 

- - 

- -1 
- - - -  - 

I 
Lower I I .  

6 
Upper F igure  5-2 0.00012 
Lower 
Lower 

F i g u r e  5-2. 1 I 0.001 
F i g u r e  5-3 i 0.056 
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Figure 5-3 Modification of Lower Solid 
Region's Surface Control P~nctions 
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The techniques  developed i n  Chapter 4 a r e  i l l u s t r a t e d  i n  t h i s  s e c t i o n  
using m o t e r i a l  and system d a t a  a s  provided by NASA. The problem is t o  determine 
a melt zone s u r f a c e  c o n t r o l  f u n c t i o n  compatible w i t h  some s o l i d  regions '  s u r f a c e  
temperature d i s t r i b u t i o n s  (provided a p r i o r i )  such t h a t  f l a t  mel t -sol id  
i n t e r f a c e s  a r e  achieved. The m a t e r i a l  and system parameters used a r e  l i s t e d  i n  
Table 5-3 and were provided by E. Kern (NASA c o n t r a c t o r  1111 and E. Cothran (NASA 
141). The matec ia l  s e l e c t e d  vas s i l i c o n .  

TABLE 5-3 MATERLAL AND SYSTM PAIlAMETERS 

C r y s t a l  Radius 
Melt Length 
Conduc t iv i ty  

S o l i d  
Melt 

Densi ty  
S o l i d  
Me1 t 

Heat Capaci ty  
S o l i d  
Melt  

La ten t  Heat 
Growth Rate  
P e c l e t  N~mber  

S o l i d  
Me1 t 

Mel t ing Temperature 

I 
7.5 c a l / O ~  m s e c  
16 ca l l0K m s e c  

PARAMETER 

The lower and upper s o l i d  regions '  s u r f a c e  temperature d i s t r i b u t i o n s  
used were suggested by E. Kern [I]] and a r e  i l l u s t r a t e d  i n  Figure  5-4. 

VALUE 

The m e l t  zone s u r f a c e  c o n t r o l  f u n c t i o n s  f o r  v a r i o u s  ccnb ina t ions  of 
MTERM and NSYS ( s e e  EquhtionS ( 4 . 0 . 1 8 ) - ( 4 . 0 . 2 3 ) )  obta ined by t h e  methods of 
Chapter 4 a r e  i l l u s t r a t e d  i n  Figure 5-5. 

I 

Because of t h e  i l l -posed  n a t u r e  of t h e  problem, a v a r i e t y  of s u r f a c e  

c o n t r o l  func t ions  i s  expected.  The r e l a t i v e  d i f f e r e n c e s  between t h e  r e q u i r e d  
melt zone i n t e r f a c e  g r a d i e n t s  and those  obta ined us ing t h e  s u r f a c e  c o n t r o l  
func t ions  def ined i n  F igure  5-5 a r e  l i s t e d  i n  Table 5-4. 

t See Boundary Condit ion ( 1 . 2 . 5 )  
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Figure 5-4 S o l i d  Region's Surf ace Temperature 



Figure 5-5 Melt Zone Surface 
Control Function 



TABLE 5-4 RELATIVE DIFFERENCES BETWEEN THE REQUIRED 
INTERFACE GRADIENTS AND THOSE RESULTING FROM 
THE USE OF THE MELT ZONE SURFACE CONTROL FUNCTION 

I n  a  s e r i e s  of t e s t  cases  over  a  range of va lues  f o r  MTERM and NSYS, 
the  r e l a t i v e  d i f f e r e n c e s  between t h e  requ i red  i n t e r f a c e  g r a d i e n t s  and those  
obtained using t h e  s u r f a c e  c o n t r o l  f u n c t i o n s  f i r s t  decreased and then increased 
as NSYS ( o t  MTERM) was increased whi le  f i x i n g  t h e  value  of MTERM ( o r  NSYS). A s  
i n  t h e  previous s e c t i o n ,  t h i s  i s  t o  be expected because t h e  s o l u t i o n  technique 
employed uses  over-posed systems t o  approximately so lve  an i l l -posed problem. 
As be fore ,  the  computed melt zone s u r f a c e  c o n t r o l  f u n c t i o n  should be checked f o r  
reasonableness.  For example, i t  i s  q u i t e  poss ib le  t h a t  t h e  s u r f a c e  c o n t r o l  
func t ion  could be l e s s  than t h e  m e l t i n g  temperature on p a r t  of the  melt s u r f a c e  
i n  which case  t h e  c o n t r o l  func t ion  should be modified o r  r e j e c t e d .  I n  a d d i t i o n ,  
t h e  r e l a t i v e  d i f f e r e n c e s  between t h e  required m e l t  zone i n t e r f a c e  g r a d i e n t s  and 
those  obta ined us ing a  candidate  melt zone s u r f a c e  c o n t r o l  func t ion  should be 
examined before  accep t ing  t h e  c o n t r o l  func t ion  a s  an approximate s o l u t i o n  of 
Problem Pl-3. I n c i d e n t a l l y ,  these  r e l a t i v e  d i f f e r e n c e s  a r e  approximated and 
displayed by t h e  sof tware  developed f o r  Problem P1-3. 

J 

MTERM 

4 

t3 

14 

2 0  

NSY S 

3 

'6 

9 

12 

MELT-SOLID 
INTERFACE 

REttr$VE DIFFERENCE 
(.in L nonn) 

Upper ! .53 
Lower 

Upper 
Lower 

Upper 
Lower 

Upper 
Lower 

.24 

.28 

.07 

. I1  

.13 

.05 

.04 
b 
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6.0 FUTURE WORK AND UNRESOLVED ISSUES 

Although the  work presented i n  t h i s  r e p o r t  i s ,  i n  i t s e l f ,  r a t h e r  
complete,  s e v e r a l  s i d e  i s s u e s  remain unresolved and should be included i n  any 
c o n t i n u a t i o n  of t h i s  type  of r e s e a r c h .  In  t h i s  c h a p t e r ,  some of t h e s e  i s s u e s  
a r e  addressed.  

6.1 VERIFICATION USING FREE BOUNDARY ALGORITHMS 

The b a s i c  idea  of t h e  t h r e e  methods desc r ibed  i n  Chapters 3 and 4 was 
t o  determine t h e  p r o p e r t i e s  a s u r f a c e  c o n t r o l  f u n c t i o n  must have i f  a f l a t  
i n t e r f a c e  was ts be maintained.  Unfor tuna te ly ,  both methods invoived many 
n m e r i c a l  approximations and some s i m p l i f y i n g  sssumptions.  As an  example, f o r  
the  method desc r ibed  i n  Chapter 4, t h e  thermal d i s t r i b u t i o n s  i n  t h e  assumed 
i n f i n i t e l y  long s o l i a  r eg ions  were approximated by numerical  methods designed 
f o r  f i n i t e  l e n g t h  reg ions .  In  a d d i t i o n ,  the  i n t e r f a c e  g r a d i e n t s  were 
approximated by f i n i t e  d i f f e r e n c e s  ( a  second source  of e r r o r )  followed by l e a s t  
squares  Bessel  f u n c t i o n  f i t s  of t h e s e  approximate i n t e r f a c e  g r a d i e n t s  ( a  t h i r d  
poss ib le  source  of e r r o r . )  T h e r e a f t e r ,  the  s u r f a c e  c o n t r o l  f u n c t i o n  was 
approximated by s o l v i n g  an overposed system of equa t ions  us ing  on ly  a F i n i t e  
number of terms i n  the  c o n t r o l  f u n c t i o c  (ano the r  source  of e r r o r ) .  Given these  
s e v e r a l  p o s s i b l e  sources  of e r r o r ,  t h e  a c t u a l  i n t e r f a c e  shapes maintained us ing 
the  computed s u r f a c e  c o n t r o l  f u n c t i o n  should be cons t ruc ted  us ing some 
multiphase f r e e  boundary a lgor i thm ( f o r  a survey,  see B9]). The r e s u l t s  of such 
numerical  experiments should  hopefu l ly  f u r t h e r  v e r i f y  the methods d i scussed  i n  
t h i s  r e p o r t  and should i n d i c a t e  some Future a r e a s  t o  be s t u d i e d  wi th  e r r o r  
r educ t ion  i n  mind. 

6.2 MAINTAINING CURVED INTERFACES 

Although thermal s t r e s s e s ,  which can g e n e r a t e  d e f e c t s  i n  the  c r y s t a l ,  
a r e  g e n e r a l l y  minimal f o r  a p lanar  i n t e r f a c e  [2d, a s l i g h t l y  curved i n t e r f a c e  
shape is a l s o  q u i t e  d e s i r a b l e  i n  some cases .  Speci fying the  d e s i r e d  shapes ,  the  
required s u r f a c e  c o n t r o l  f u n c t i o n s  could  probably (wi th  s u f f i c i e n t  
i n v e s t i g a t i o n )  be cons t ruc ted  us ing  methods s i m i l a r  t o  those  i n  Chapters 3 and 4 
a f t e r  the  i n t r o d u c t i o n  of t r ans fo rmat ions  s i m i l a r  t o  those  desc r ibed  i n  [12J. 

6.3 NON-DIRICHLET BOUNDARY CONDITIONS 

Boundary c o n d i t i o n s  o t h e r  than the  D i r i c h l e t  type (Equations (FZ6), 
(FZ8), and (FZ10) of Figure 1-2) should be i n v e s t i g a t e d .  For tuna te ly ,  much of 
the work f o r  t h i s  type of problem w i l l  probably be s t r a i g h t f o r w a r d .  For 
example, suppose a ques t lon  l i k e  Problem PI-3 is t o  be solved where the  
D i r i c h l e t  boundary cond i t ion  ( s e e  Equation (1.2.6))  

is replaced by a boundart c o n d i t i o n  of the type 
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where S(x) i s  t h e  d e s i r e d  s u r f a c e  c o n t r o l  func t ion  ( f o r  example, i f  a - 4 ,  then 
S(x) might be t h e  temperature of a fu rnace  wall providing r a d i a n t  h e a t i n g ) .  To 
so lve  t h i s  problem, f i r s t  so lve  Problem Pl-3 a s  s t a t e d  i n  .Section 1,2.  Using i 
t h e  computed D i r i c h l e t  type s u r f  a c e  c o n t r o l  func t ion  h(x) , next  so lve  Problem 
P2-3 ( l e t  xo  - 0 and xN = Q). Then place  t h e  r e s u l t i n g  temperature 
d i s t r i b u t i o n  T(x , r )  i n t o  t h e  boundary cond i t ion  (6.3.1) and so lve  f o r  the  
d e s i r e d  s u r f a c e  c o n t r o l  f u n c t i o n  S(x).  

6,4 BASIS FUNCTIONS USED TO EXPAND THE CONTROL FUNCTIONS . 

'=he e x p o n e n t i a l l y  decaying f u n c t i o n s  used t o  expand t h e  s o l i d  regions '  
s u r f a c e  c o n t r o l  f u n c t i o n s  ( f ( x )  and g(x) of Equations (3.0.23) and 3.C.31) 
r e s p e c t i v e l y )  were s e l e c t e d  because they represented what a t y p i c a l  c o n t r o l  
func t ion  would be i n t u i t i v e l y  expected t o  resemble and because they allowed f o r  
simple i n t e g r a t i o n s  i n  Equations (3.0.22) and (3.0.28). However, from a 
computational po in t  of view, t h e s e  b a s i s  f u n c t i o n s  a r e  not t h e  b e s t f  . For 
example, some pre l iminary  experiments i n d i c a t e  t h a t  r ep lac ing  Equations (3.0.23) 
and (3.0.31) by 

NSY S 

f (x)  = Cl + C $r E n  (-(t(-212) 

k-2 

and 

NSY S I 

r e s p e c t i v e l y  can s i g n i f i c a n t l y  reduce the  l e a s t  squares  r e s i d u a l s  of overposed 
systems l i k e  Equation (3.0.25). More s tudy is needed t o  f i n d  b a s i s  func t ions  
t h a t  both f u r t h e r  reduce t h e  l e a s t  squares  r e s i d u a l s  and a r e  ngt too d i f f i c u l t  !* 
t o  i n t e g r a t e  i n  equa t ions  l i k e  (3.0.22) and (3.0.28). 

6.5 APPLICATIONS OF LINEAR PROGRAMMING 

The l i n e a r  system of equa t ions  (3.0.25) w i l l  be unilerposed if YTEPW2 
< NSYS. However, t h e  d e s i r e d  c o e f f i c i e n t  vector  may s t i l l  be d e t e ~ i n e g  a s  - .  
follows. Let ?i be the  r e s i d u a l  v e c t o r  of Equation (3.0.25), i . e . ,  r ' D - L.C. 

t It Is sometimes dangerous t o  approximate a fuac t ion  f ( x )  by a sum: 
N -- 

'(XI c Z k ( ~ )  

k- 1 
where a l l  o r  most of the  func t ions  f ( x )  "resemble" each o t h e r ,  e.g., fk (x)=  
Exp(kx). 'his ,  f o r  example, i s  why Bebyshev  polynomials a r e  p re fe r red  over the  
so-called s tandard b a s i s ,  fk(x)-xk, f o r  polynomial approximation on c e r t a i n  
domains . 
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Then so lve  t h e  l i n e a r  programming problem D3 pg 1 5 )  

s u b j e c t  to LZ+; - 6 ) 
y 
, A .~ . 
j> - 
I t " In f a c t ,  such a  technique might be used t q  reduce the  chance of s a y ,  f(x) of 
t: (3.0.23), becoming p o s i t i v e t  ( r e c a l l  t h a t  t h e  mel t ing  temperature was 
i t r a p s l a t e d  t o  ze ro )  a s  x approaches nega t ive  i n f i n i t y .  To accomplish t h i s ,  
i 

, 
f i r s c  s e l e c t  a  g r i d ,  

p a r t i t i o n i n g  a  p o r t i o n  of t h e  l o v e r  s o l i d  r eg ion ,  and then a d j o i n  t o  (6.5.1) t h e  
a d d i t i o n a l  N c o n s t r a i n t s  ( s e e  Equation (3.0.23)): 

Some pre l iminary  numerical exper iments  suggest  t h i s  i d e a  has s u f f i c i e n t  
p o t e n t i a l  t o  warrant  f u r t h e r  i n v e s t i g a t i o n .  Although t h i s  d i s c u s s i o n  has 
cen te red  on the  lower s o l i d  r eg ion ,  t h e s e  ideas  a r e  a p p l i c a b l e  t o  e i t h e r  of the  
s o l i d  r eg ions  o r  t o  t h e  mel t  zone. 

6 . 6  MODELS AND REALITY 

The FZ process  was modeled i n  t h i s  e f f o r t  a s  a  s t e a d y  s t a t e  pr0cel.s on 
a n  i n f i n i t e l y  long boule.  Unfor tunate ly  f o r  the  modeler ( b u t  f o r t u n a t e l , ,  f o r  
the  commercial FZ o p e r a t o r ) ,  t h e  boule has f i n i t e  l e n g t h  *. For f i n i t e  l eng th  
houles ,  the  problem of f i n d i n g  t h e  proper s u r f a c e  c o n t r o l  f u n c t i o n s  t o  main ta in  
f l a t  i n t e r f a c e s  would now invo lve  end e f f e c t s  and variogls time t r a n s i e n t s .  

t The p a r t i a l  d i f f e r e n t i a l  equa t ions  used t o  e s t a b l i s h  the  d e s i r e d  s u r f a c e  
c o n t r o l  f u n c t i o n s  a r e  q u i t e  ignoran t  of the  f a c t  t h a t  s u r f a c e  c o n t r o l  func t ions  
f o r  s o l i d  regions  should always be below the m a t e r i a l  me l t ing  po in t .  In f a c t ,  
i n  some nrrmerical experiments where MTERM and MSYS were l a r g e ,  the  computed 
s u r f a c e  c o n t r o l  func t ions  f o r  one of the  s o l i d  regions  became g r e a t e r  than the  
mel t ing temperature.  This is on ly  one of the  dangers  i n  t r y i n g  t o  so lve  an 
overposed problem. 

* F o r t u n a t e l y ,  the  assumptions and r e s u l t s  of t h i s  e f f o r t  a r e  s t i l l  q u i t e  
reasonable f o r  long boules with slow growth r a t e s .  



However, t h e  b a s i c  ideas  d i scussed  i n  t h i s  r e p o r t  could probably be extended t o  
cover such d i f f i c u l t i e s .  The r e s u l t i n g  p a r t i a l  d i f f e r e n t i a l  equa t ions  would 
involve t h e  a d d i t i o n a l  term 

(where t r e p r e s e n t s  t ime) and hence would be pa rabo l ic  i ~ , s t e a d  of e l l i p t i c .  The 
boundary c o n d i t i o n s  would a l s o  be time dependent. However, the  dua l  i n t e g r a l  
transform p a i r s  used i n  t h i s  r e p o r t  should s t i l l  provide enough informat ion 
concerning the  s u r f a c e  c o n t r o l  f u n c t i o n s  ( requ i red  f o r  f l a t  i n t e r f a c e s )  t o  a l iow 
f o r  t h e i r  cons t ruc t ion .  

In  a d d i t i o n ,  t h e  f l u i d  d-pamics of t h e  melt  zone should be 
incorporated i n  the '  computation of t h e  s u r f a c e  c o n t r o l  func t ions .  Of the  t o p i c s  
d iscussed i n  t h i s  c h a p t e r ,  t h i s  is undoubtedly the  most d i f f i c u l t  one t o  model 
and resolve .  
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APPENDIX A.O OWNERS WAL ORIGINAL PAGE [S 
(o r  a u s a t  guide t o  davelcned safeware) OF POOR QUALlW 

The d a t a  input  procedures and output  i n t e r p r e t a t i o n s  f o r  t he  sofrware 
developed t o  approximote the  s o l u t i o n s  of Problems PI-I, PI-2, PI-3 and P2-1 is the  
sub jec t  of this appendix. To begin, Problem P2-1 is covered i n  Ap~end ix  A.2 
and is followed by Problems PI-1 and PI-2 i n  Appendix A.3 .  To f i n j s h ,  P r o b l e ~  
PI-3 i.s the  s u b j e c t  of Appendix A . 4 .  

A .  2 USER CONSIDERATIONS FOR P R O B m  P2-I SOFTWARE 

The da ta  input  procedure and output  interpretation f o r  the software 
developed f o r  Problem P2-I is the  subjec: of  t h i s  s e c t i o n .  To begin. a l l  the 
required da t a  are inpu t  i n  t he  € o m  of punched cards .  The d e f i n i t i o n s  and formacs 
of t h i s  input  d a t a  a r e  9 1 m z e d  i n  Tabla A-1. 

TABLL A-1 PRO= P2-1 SOFTMARE INPUT 

' x ,  r and R w i l l  denote the axid1 dis tance .  the r a d i a l  position and the r radius 
respec t ive ly .  OT will denote whatever temperature scale t h e  user p r e f e r s .  

. t 

PROGRAH 
S W O L  

VARIABLE 
DEFINITION 

C 

WITS' 

REW)(S,~~)IBFC,M 
16 FORWT(?IlO) 

IHFC 

H 

= 1 if a cubic spline will be used to approximate 
the boundary function h i x )  in Condicion (2.2. L )  . ' 

- 0 if the user vill supply a functional f o n  of h(x) 
(see Condition (2.2.L)). In chis case. the user 
must insert this functional form 3 i  h ( x )  in the sub- 
routine KFC (see the sofware list in Appendix C.11, 

Number of knots used to approximate h i x )  (see Condit~on 
( 2 . 2 . + : )  by a cubic spline (IHTC-ij. If IHFC-0. set 
+(I. 

DO 32 I = 1,?1 
READ(5,22).M(I? ,YD(I) 

32 CONTINUE 
22 FORMAT(LE1C). 10) 

:Q(I) The dimensionless axial position of the Ich knoc used 
to approximate h(x) (see Condicion ( 2 . 2 . ; ) ) .  ignore 
if IHFC-1. XD(I)<.YD(I+l). 

1 
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TABLE A-1 FROB= P2-1 SOFTWARE INPUT (CONT) 

: 
.- : \ .  . " . ;  

An input  sample is  i l l u s t r a t e d  next  i n  Figure A-1. r i 

1 

The oucput is labe led  c l e a r l y  f o r  ease  of use .  The inpu t  d a t a  are  
f i r s t  viewed follcwed by t he  thermal  d i s t r i b u t i o n  ( t h e  approximire S O ~ U E L O ~  of 
Problem P2-3) given in t a b l e  format ( see  F igure  A-2). I n c i d e n t a l l y ,  t he  
a x i a l  and r r d i a l  p o s i t i o n s  i n  F igure  A-2 a r e  given i n  a i m e n s ~ o n l e s s  form 
(x/2 and nd/R). The t h e m  gradients a t  XO .nd RN are given l a s t  
i n  a cable  format (again,  see Figure  A-2). 

P* 
SYMBOL 

VILZUIBtE 
DEFINITION 

The surface  t . rpar8ture represented bp t he  Ith knot 
u8.d t o  appro-te h(x) (see Conditfon (2.2.8)). 
LgBor8 if m - 0 .  

UNITS 

0 T 

RW(S ,IU;P,XO,XN,MSUM,N~;RID,NR 

dimen- 
s ionless  

x/R 

x/R 

10 WWT(3F10.5,4110) 

P Pecle t  number 

XO I Dimensionless Y a l  pos i t i on  of bottom boundary 

XN 

M S ~  

NCRID 

NR 

displayed in Fibare 2-1. 
R e n u r k :  The boundary temperature d i s t r i b u t i o n ,  

A(r/R) a t  XO (see  Condition (2.2.2)) is 
user supplied in Subroutine AFC (see Appendix 
C.2). 

Dimensionless axla pos i t i on  of top boundary 
displayad in Figure 2-1. 
Remark: The bound.rp t e m e r a t u r e  d i s t r i b u t i o n ,  

B(r/R) a t  XN ( see  Condition (2.2.3)) is user  - 
supplied i n  Subroutine BFC (see  Appendix C. 2 ) .  

The f i r s t  MUH terms of the expansion i n  Equations 
(2.2.14) a r e  uoced co approximate 9 ( x , r ) .  #SUM must 
be l e s s  than 21. 

(YN-xO)/NGRID fs the  g r id  s i z e  employed in  System 
(2.2.20). In addi t ion ,  the f i n a l  temperature dis- 
cr ibut icn  is output f o r  NGRID+l axial values from SO 
to  XN. NCECID m y  not a c a e a  500. 

The f r n a l  temperature d%stebution is 
output for  NR+1 r a d i a l  values- (r /R) from 0 t o  1. NR 
may not exceed 100. 



ORIGINAL PAGE IS 
OF POOR QUALITY 



OR~G~NAL 
OF POOR 

LI;WULI;W 
. O O C O O  

r 00 ooc 
L O O O O O  
W d 0 0 0 0  
C 0 0 0 0 0  

0 0 0 0 ~  7 
w o o o o o  - 

X 
uocnolno 
~ O C O N O  
I L m n 0 - 0  

-000- 
00 000 + + * +  
W W W W W  
00000 
e e  e c c  
0 0 0 0 0  
00000  
00000  
00000 

X O O e O O  
0 ~ 0 0 0  
Q C C C ~  
-*m o m -  ..... 
8 m 

0 0 0 0 0  
C O O O C  
0 0 m a u  
e e 6 L C  

n .  n . .  
X X X X X  
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L 

C 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ~ Q 0 0 0 0 0 0 0  + * * * * + * * + * + * * * * * + * + * + * * +  
L U L ~ U W W Y ~ Y ~ ~ W W U ~ U W U Y W * r Y U  
N m r - 0 9 0  o W C 0 m 0  a U 0 8 - d 0 9 N O C -  
a m m a a ( - u - * n w m ~ a n ~ ~ u ~ l r e ~ * . r  
w C - * - m * L D Q L w C 4 r m N N m O N n e a  
m O m m a - U ~ * ~ 9 0 m m 3 1 0 u m O O 4 m O  
o n ~ m a ~ o a ~ n n m n ~ ~ n ~ ~ ~ ~ u ~ m a  
~ N ~ ~ ~ N ~ O ~ C N U O U O O N N E O W ~ N O  
- J - O . - n r 9 C Q U . n Y - I ~ w m ~ Q ~ N - . O  
C - - L C  ~ L C L L C C L C L C C C L C L V - C  
m m R . - . * * m N N N m N N N m N N N N N ( I ( I N N  

. . * m . . . a . a . . . . . m . . m w a . m m  

- d - m d d d d d e - d m - d M 4 e - - e - d m  
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
t +t *+++ + + + - + + + + + + - * + + t + + + +  
Y b W W W Y Y u Y Y w Y Y u W W W W W Y U Y u ~  
o n e n r - a ~ o m ~ n o a e m ~ o o u  eoanu 
0 0 1 ~ a N - ~ C O ~ C m O O N a O Q m ~ * ~ -  
c -CUOC-Q+ e n o o m o  ~ * w n c n a o * - u ~  
N ~ O ~ J O ~ L - ~ O ~ L C O ~ ~ W N - C - O -  
N W b N N 4 0 ~ ~ N W U ~ N W N O ~ ~ ~ O * L C  
L - L C O F U C  - - c ~ - c N ~  4 0 0 a a - w -  
~ C Q Q ~ C Q Q O O O O ~ O O O - N ~ C ) ~ ~ ~ ~  
-&r---r--c----NNNNNNCYNNN 
NNNNNNNNNNNNWNNNNNNNNNNrn 

I 

0000000000000.. 
0 0 0 0 0 0 0 ~ 0 0 0 U O O  + * * * + * * * + * + * * +  
~ b W Y ~ L ~ U U W b W W b  
n o n ~ o o m n ~ u o a ~ o  
9 ~ n 0 - - 0 0 4 u ~ 9 Q 0  
o w m - n t - m - h - ~ o o  
- & a u m a n a n o ~ ~ m o  
O ~ U ~ U ~ O ~ C N ~ U O O  
O - - O N N Q ~ ~ - ~ L Q O  
a ~ - m u m ~ n a e - w ~ e  
O N I l r C * - * 9 * n * y m O  
H m m m m a * 4 4 # - C a O -  
...a a m m . . . . m m .  

dd--de-e-d--dd 

0 3 0 0 0 0 0 0 0 0 0 0 0 0  ++++++-+.++++++.+ 
Y ~ ~ Y W W ~ W Y Y U Y ~ U  
LOl l3NUf  0 4 ~ 9 0 U u 0  
r O * O N l m O e r H U 4 0  
n - 0 - e ~ ~ -  000n0tn~o 
O e * m N N ) U m C W l m O O  
7 n m m m n - ~ ~ ~ 9 0 0 0  
C ~ ~ ~ - U O ~ N O C C W N O  
a n O L w O a ~ m Q D U b N 0  
9 C Q Q ~ 0 0 - N m 0 Q Q 0  

% - C ~ ~ * * - \ * \ * W - C * I S I * C - \ * *  

o 0 o O o O O O o O O Q o O O O o O O o o O O O  
0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
O O O O O O O O O O O O o O O O O o O o o O O O  
C C O O O O O  o O O O o o O O o O O O o O C O O  
n u m 9 C a 0 0  ~ N ~ u I l r 9 C O O O - N n u m  4 
0 0 0  O O O C  - w - - - r - c w - N N N N N N N  ...... . ............. * . . w .  

I 

. - - * * - * * * - * * % a -  ~ n n n n w ~ ~ =  U O Q W L I  

0 00 00 00 00 00 000  
0 0 0 0 0 0 a 0 0 0 0 0 0 0  
0 0 0  00 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0 0 0 0 0  
C Q O O e N 0 0 m Q C 0 0 0  
a a a D O D D * 0 e 0 0 e 0  . . . . . . . . . . . . . . 

0 

I 
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To fiafah, the 'u8r mrut supply an algorithm to f i t  CFn the least 
squares meuse) a 1 c c a a b ~ t i o n  of f ~ c t i o r u  t o  a given.set of data points 
(see the end of Secc:lon 2.2 for a short discussion). This a l g o r i c h  is 
required fa the subroutine COWS. Xn addit ion,  an algoritlxn to e v d u r e  the 
Jo Bess~l functicm (raquirad in Eha subroutina JO) arrt be prwided.  Thesm 
required a lgor i thr~  are genera ly  ma i lab l e  frum the hosc conputer librarpt or 
may be obtainad from varioua softvare packagu such as the MSL and FUNPACK. 

- 
I The user is varned, however, that many host computer mathematics LiSraries 
( w i t h  the 3eneral exception o f  IBM) s t i l l  contain numerous faux pas that were 
well 'known years ago and s t i l l  remain uncorrected. 



A. 3 USER CONSIDERATIONS FOR PROB- PI-1 and PI-2 SOFlWARE 
I 

The da ta  input  procedure and output i n t e r p r e t a t i o n  f o r  the  software 
developed f o r  Problems PI-1 and Pl-2 a r e  the subjects  of t h i s  sec t ion.  
Recall t h a t  the  general  problem is t a  f ind  the  s o l i d  reg i sas '  surface  con t ro l  
functions ( f (x)  and g(x) i n  Problems P1-1 and Pl-2 respect ively)  which, 

. . fo r  the sake of f l a t  in te r faces ,  a r e  compatible with the  a p r i o r i  given melt 
zone surface  temperature d i s t r i b u t i o n  (h(x)) .  A t  present ,  a l l  the  required 

! data a r e  input i n  the  form of punched cards.  The d e f i n i t i o n s  and fo rnu t s  
k- of the inpu t  da ta  a r e  sumarized i n  Table A-2. 
I 
!.. 
1 

1 

) 
1 

5 
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TABLE A-2 PROBLPiS P1-1 AND P l - 2  SOFTWARE INPUT 

= 1 if a cubic  r p l i n a  Al l  be used to  approximate the  
melt zone s u r f a c e  tempera ture  d i s c r i b u t i o n ,  h ( x ) .  

- 0 if t he  uaer vill supply  a f u n c t i o n a l  form of h ( x ) .  
I n  t h i s  c a s e ,  t he  use r  must i n s e r t  t h i s  f u n c t i o n a l  
form of h (x )  i n  the  sub rou t ine  HFC ( s e e  the  sof tware  
l ist  i n  Appendix C.3) 

u3ITS - 
--- - 

PROCRAH 
SYMBOL 

RUD(5,80)IEFC,X 
80 FORMAT(ZI10) 

- 

VARIABLE 
DEFINITION - 

!! Number of kno t s  used t o  approximate h(x)  by a cubic  s p l i n e  
(IHFC-1). I f  IHFC-0, s e t  H-0. 

READ(5,22)W(I) ,YD(I) 
32 CONTINUE 
22 FORMAT (2E20.10) 

Yel t  ~ o ' n e  Peclec Yurnber 

DO 32 I - 1.M 

Y f r ( X )  

I 
' i D ( i )  

Axia l  pos ic lon  of Lover mel t -so l id  in t e r f ace ;  10-0.0 LS 

recommended. 

The axial p o s i t i o n  of the  I ch  knot used t o  approximate 
'n(x). Iqnore  i f  IHFC-0. In  addition, W (X)<.XD(I+l) 
and i t  is recommended chat  t h e  a x i a l  pcs i c i an  be measured 
Prom t h e  Lower mel t -so l id  i n c e r f a c e ,  i . a . ,  :CD(l)=O.O. 

,::I Axial  p o s i t i o n  of upper mel t -so l id  i n t e r f a c e  

'ITERN Set  co t a r o  

temp. 

The su r face  temperature r ep resen ted  by the I t h  knot s e d  
t o  approximate h ( x ) .  Ignore i f  IHFC-0. 

The f i r s t  XSLM r e m s  of the  expansLon in  E q u a t ~ o n s  
( 2 . 2 . 1 ; )  a r e  used t o  npproxlmate t h e  melt zone temperature 
d i s c r i b u t i o n ,  T ( x , r ) .  YSUX musc be l e s s  than 2 1 .  

'" 5 above 
nelcinq 

(XI-XO)/NGRID is the  g r i d  s i r e  employed i n  System 
(2 .2 .20) .  In  a d d l t i c n ,  t he  melc  zone cemperature d i s -  
c r i b u t i o n  is output  f o r  YCRID!lWl a x i a l  va lues  from 
80 t o  .U. YCRID may noc exceed 500 and musc be 
d i v i s i b l e  by 10. 

I dimension- 
l e s s  

rad 

t ~ l l  l e n g t h s  w i l l  be  measured i n  r a d i u s  ( r a d )  u n i t s ,  e . g . ,  2 rad i s  a s  long a s  t h e  
rod is wide. The tempera ture  s c a l e  w i l l  be OK above or below t h e  m a t e r i a l  me l t ing  
p o i n t .  

..IR 

b 

The melc zone temperacure d i s t r l b u c i o n  1s oucpuc f o r  
hT+l radial values I r 3d )  from 13 co ! . :.iR -IJ.. nnc + x ~ - . t . .  
; 00. 



ORIGINAL PAGE 19 
OF POOR QUALlTV 

TABLE A-2 PROBLEMS Pl-1 AND 01-2 SOFTWARE INPUT (CONT) 

UNITS 

a 

PROGRAM 
SYMBOL 

READ ( 5-10)  P ,.YO. .W, . m , Y S T M ,  :{GRID, .XR 
10 FWRMAT(3PIO.5,4110) 

VARIABLE 
DEFINITION 

dlmansion- 
l e s s  

r ad 

r ad 

. 
P 

YO 

XN 

MTERM 

YSUM 

NGRID 

NR 

Lover s o l i d  r eg ion  P e c l e t  number 

P e  semi-inf i n i t e  l o v e r  s o l i d  region is, f o r  computational  
purposes,  t runca ted  t o  a f i n i t e  l eng th .  XO is the  a x i a l  
p o s i t i o n  of lower end of t h i s  t runca ted  region.  Review 
the  end of Sec t ion  ~ . 3  f o r  d e t a i l s .  

Axia l  p o s i t i o n  of lower mel t -so l id  i n t e r f a c e .  

In t ege r  parameter determining the  s i z e  of system used 
to  compuce t h e  love r  s o l i d  r e g i o n ' s  s u r f a c e  c o n t r o l  
function. See Equation (3.0.24). 

The f i r s t  HSUM cairns of t he  expansion i n  Equations 
(2.2.1b) a r e  used t o  approximace t h e  lower s o l i d  tempera- 
t u r e  d i s t r i b u t i o n ,  T ( x , r ) .  MSUH must be Less than ? I .  

(XN-XO)/NGRID is the  g r i d  s i r e  employed i n  System 
(2.2.20). I n  a d d i t i o n ,  t he  lower s o l i d  temperature 
d i s t r i b u t i o n  is ou tpu t  f o r  NCRID/lO+l a x i a l  va lues  from 
XO t o  XN. NGRID may not  exceed SO0 and must be d i v i s i b l e  . 
by 10. 

The love r  s o l i d  temperature d i s t r i b u t i o n  is output  f o r  
XR+l r a d i a l  va lues  ( r a d )  from 0 t o  1. XR may not  exceed 
LOO. 

REUU)(~.~~)RI<S.RV.RL,XSYS 
10 FORHAT(3E20.10,IlO) 

RKS . 

RKL 

RL 

!lSY S 

~~ 

Conductivity of m a t e r i a l  i n  lower s o l i d  region 

Csnduct iv i ty  of macer ia l  i n  melt zone 

d ! ~ €  Equation FZb, Figure 1-2. XL is the product 
31 the growth r a t e ,  the  s o l i d  m a t e r i a l s  d e n s i t v  and the 
Lntenc hea t .  

Xumber of t e r n s  i n  expansion of lower s o l i d  r e q l o n ' s  
su r f ace  c o n t r o l  funct ion  ( s e e  Equation ( 3 . 0 . 2 3 ) ) .  !ISYS 
may not exceed 20. 

~ - --. . 

c a1 
OK rad s e c  

j-1 R fad sec  

/=l I 
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TABLE A-2 PROBLPiS P1-1 AND PI-2 SOFTWARE LNPUT (CONTI 

UNITS 

. 
PROGRAM 
S W O L  

W ( 5 . 2 1  )MINTPRH,HIUITERM,DELTERM,MNNSYSM,M&WYS , D W Y S  
2 1 FORMAT(8110) 

VARIABLE 
DEFINITION 

MINTERM 

WTE3-I 

DELTERH 

XINNSYS 

/ .%USYS 

1 DELVSYS 

The s o f c v a r e  is d e s i g n e d  t o  compute t h e  l o v e r  s o l i d  
r e g i o n ' s  s u r f a c e  c o n t r o l  f u n c t i o n  f o r  many c o m b i n a t i o n s  
o f  MTERN and NSYS. To do t h i s ,  t h e  u s e r  must s u p p l y  che 
bounds and i n c r e m e n t s  f o r  t h e  c a s e s  d e s i r e d .  

Lover bound on MTERM. 

Upper bound o n  NTEW. 

I n t e g e r  i n c r e m e n t  f o r  HTERM 

Lover bound on NSYS 

Upper bound on NSYS 

I n t e g e r  incrernenc f o r  NSYS 

I 
i 

I- 
READ(5.50)IOPTfON,CLIP 

50 FORMAT(I10,FlO.S) 

I 
IOPTION 

A f t e r  t h e  Lower s o l i d  r e g i o n ' s  s u r f a c e  c o n c r o l  Eunccion,  
f ( x ) ,  is d e t e r m i n e d ,  t h e  u s e r  may s p e c i f y  c e r t a i n  modif i c a -  
t i o n s  3 f  t h e  s u r f a c e  c o n c r o l  f u n c t i o n .  These o p t i o n s  a r e  
p r i n c i p a l l y  o f  u s e  when t h e  s u r f a c e  c o n t r o l  f u n c t i o n  r s  
above t h e  m a t e r i a l ' s  m e l t i n g  p o i n t  a n  p o r t l o n s  of  t h e  l o w e r  
s o l i d  r e g i o n ' s  s u r f a c e .  I f  f ( x )  is  i n t e r p r e t e d  a s  che JK 
above o r  b e l o v  che m e l t i n g  p o i n t ,  chen l e c  h be  che lower 
e n d p o i n t  o f  t h e  l a r g e s t  s u b i n t e r v a l  of  t h e  form [d..~] on 
v h i c h  f (x1  is n o t  p o s i t i v e .  I f  A c X O ,  r e a s s i g n  A t o  be 
0 Lac (.Y?IIN FHIX) be  che minimum p o i n c  of f ( x )  on t h e  
i n t e r n a l  [ A . M ~ .  

= 0 i f  C(x) is noc t o  b e  modi f ied .  I n  t h i s  c a s e .  CLIP nay 
be  a s s i g n e d  any  v a l u e .  e . g . .  z e r o .  

= 1 i f  f ( x )  is t o  be r e d e f i n e d  a s :  

f (x )  i f  x > .WIN 
f l x )  - 

MIX o c h e r w i s e  

= 2 i f  f ( x )  is co be  r e d e f i n e d  a s :  

I f ( x )  i f  x  > .Y?iIN 
f  ( x )  - 

min { f ( x ) .  CLIP/ o t h e r v i s e  
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TABLE A-2 PROBLEMS Pl-1 AND PI-2 SOFTWARE INPUT (CONT) 

Pec la t  number f o r  upper s o l i d  region 

Axial p o s i t i o n  of upper i n t e r f a c e  

PROCRAH 
NHBOL 

D'banr ion- 
Lesa 

rad  

T ? I ~  s e m i - i n f i n i t e  upper s o l i d  r eg ion  is, f o r  computational  r ad 
purposes,  t runca ted  t o  a f i n i t e  l eng th .  XX is t h e  a x i a l  . 
p o s i t i o n  of the  upper end of t h i s  t runcated  region.  

OK above 

I 

t h e  mal t ing  . 

XO XMIN C="'P 

0 

IOPTION -2 
CLIP 

F M N  
I 

V W L E  
DZFIMTION 

There op t ions  a r e  g r a p h i c a l l y  t l l u s t r a t r d  below. 

;L 
UNITS 

The f i r s t  XSUM terms of t he  =pansion i n  Equations ( 2 . 2 . ' 1 4 )  
a r e  used t o  approximate the  upper s o l i d  regions '  cemperature 
d i s t r i b u t i o n ,  T(x, r ) .  XSUM must be Less than 21.  

/ XTERM 
I 

Yumbar of equat ions  (n-L,2;..,.na(M) of t h e  type given i n ,  
Equation (3.0.28) used i n  l e a s t  squa res  gene ra t ion  af upper 
s o l i d  r e g i o n ' s  s u r f a c e  c o n t r o l  func t ion .  I 

!lGRID 

-- - - - - - - - -- 

Conduct iv i ty  of m a t e r i a l  i n  upper s o l i d  region 

em 

1 %  I Csnductilric:r of m a t e r i a l  i n  melt  zone 

(X?-XO)/NGRID is t h e  g r i d  s i z e  employed i n  System (2 .2 .20) .  
In a d d i t i o n .  che upper s o l i d  r e g i o n ' s  temperature d i s t r i b u t i o n  
is ou tpu t  f o r  N G R I D / l D c l  a x i a l  va lues  From KO t o  .YN.XCRID may 
not exceed 500 and must be d i v i s i b l e  by 10. 

I Y  I A! ,>i Equation FZ?, Figure 1-2. aL is t h s  product  of the  
growth r a t e ,  che s o l i d  m a t e r i a l ' s  d e n s i t y  and the Latent  

I 

RLU)(5,90)RXS,RKL,RL,,VSYS 
90 FORMAT(3E20.10,510) I 

The upper s o l i d  temp. d i s t r i b u t i o n  i s  output  f o r  XR+l 
r a d i a l  va lues  ( r a d )  from 0 t o  I .  NR may not exceed 100. 

1 I hea t  

! 

c a l  
OK rad sec  

c a 1  
OK r sd  sec  

sec  rad L.3 
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TABLE A-2 PROBLPlS P1-1 AND PI-2  SOFTWARE 'Ih'PUT (CONTI 

ha p t a v i o w l y  defined above but applied co 
the  upper s o l i d  r rgion.  

P R O C W  
SYHBOL 

HSYS 

VARIABLE 
D E P w r T I O N  

Number of trrmr l a  exponential  axpansion of the  upper s o l i d  
region 's  surface con t ro l  function (see t y ~ a t i o n  (3.0.3 1 )  ) 

UNITS 

1 

READ (6,25)MINTERM,bWTERM,DELTERM ,MINNSYS ,MAXNSYS ,DELXSYS 
21 FORMAT(8110) 

HINIERE1 

DELTERM 

23INNSY S 

? W a S Y  S 

DELYSYS 

READ ( 5.50j  IOPTION , CLIP 
50 FORMAT(f 10.F10.5) 

IOPTION Af ta t  the  upper s o l i d  r r g i o n ' s  surfzce con t ro l  function, 
q(x ) ,  is decermlnrd the user  may specify  c e r t a i n  modifica-. 
t ions  of t h i s  s u r f a c r  con t ro l  function. The options a r e  
p r inc ipa l ly  of use vhen the surface con t ro l  function is 
above the  a t r r i o l ' s  melting point on port ions  of th r  upper 
s o l i d  region 's  su r fac r .  The d e f i n i t i o n s  of IOPTION and CLIP 
a r e  s imi la r  to  cha i r  prevlous d e f i n i t i o n s  above and a r e  
i l l u s r r a t e d  belov. 

3 K above 
:he melting 
~r~mpera ture  

m N  T,OpT:,"rmc- /' 

C 
. . 
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An i n p u t  sample is i l l u s t r a t e d  i n  F igure  A-3. 

The ou tpu t  is c l e a r l y  l a b e l e d  f o r  a a s e  of use .  The melr :me in,put 
daca is  f i r s t  d i s p l a y e d  followed by t h e  melt zone temperature  d i ~ ~ i ~ b u t i o n  (given 
i n  t a b l e  format) and i n t e r f a c e  g r a d i e n t s  ( s e e  F i g u r e  A-4) .  The lower s o l i d  
reg ion '  s m a t e r i a l  and sys t a m  parameters  and t h e  v a l u e s  of MINTERM, " ,DEUSYS 
a r e  next  d i sp layed  followed by t h e  r e q u i r e d  Lower s o l i d  r e g i o n  i n t e r f a c e  
g r a d i e n t ,  B ( r )  of Equacion (1.2.1)  ( aga in  see F igure  A-4). 

For each of v a r i o u s  a c c e p t a b l e  combinations of MTERM and NSYS ( r e c a l i  
t h e  d e f i n i t i o n s  of MINTERM,**-,DELNSYS), a  lowar s o l i d  r e g i o n  s u r f a c e  c o n c r o l  
f u n c t i o n  is  computed. For each of t h e s e  c a s e s ,  t h e  v a l u e s  of MTERM and NSYS 
a r e  f i r s t  d i sp layed  followed by t h e  c o e f f i c i e n t s  ( s e e  Equat ion (3.0.23)) used 
t o  determine the  s u r f a c e  c o n t r o l  f u n c t i o n .  Using t h e  s u r f a c e  c z n t r o l  f u n c t i o n ,  
t h e  temperature  d i s t r i b u t i o n  i n  t h e  1owc.r s o l i d  r e g i o n  is  next  d i sp layed  ( i n  
t a b l e  form?). The lower s o l i d  r e g i o n ' s  i n t e r f c c e  r a d i e n t  is then  given S followed l a s t  by t h e  r e l a t i v e  d i f f e r e n c e  ( i n  t h e  L norm) between t h e  r e q u i r e d  
lower s o l i d  r e g i o n  i n t e r f a c e  g r a d i e n t  and t h e  i n t e r f a c e  g r a d i e n t  ob ta ined  b*? 
use of t h e  s u r f a c e  c o n t r o l  f u n c t i o n  ( s e e  F igure  A-5). 

A f t e r  a l l  t h e  lower s o l i d  r e g i o n  c a s e s  ( v a r i o u s  combinations of HTERM 
and NSYS) a r e  given,  t h e  r e s u l t s  f o r  t h e  upper s o l i d  reg ion  a r e  d i s p l a y e d  
i n  a  s i m i l a r  f a s h i o n  ( s e e  Figure  A-6) 

To f i n i s h ,  t h e  u s e r  must supply  t h e  two a lgor i thms  Aescribed a t  t h e  
end of Appendix A.2 .  I n  a d d i t i o n ,  an a l g o r i t h m  t o  s o l v e  ( i n  a l e a s t  squares  
sense )  an  overposed system of l i n e a r  e q u a t i o n s  mu.?t a l s o  be provided f o r  use  
i n  t h e  s u h r o u t i n e s  SOLID2 and SOLID3 ( s e e  Appendix C.3). 

f The s u r f a c e  c o n t r o l  f u n c t i o n  v a l u e s  can be read from t h i s  cab le  i n  t h e  R-1 
column. 
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Figure A-3 Sample Inpu t  F d r  ?rcblems P1-1  And P!-2 Software 
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O N N O G  
4 N C - 0  
- - . I 00  
4 .  L a  . 
1 . 1 1  

a I * a a  

0 0 0 0 0  
0 0 0 0 0  
O Q C O C  
N t U N N N  
0 0 0 4 0  
4 0 N U 0  . . .*. 
mlrrwcnw 

I X Y X X  
. . R a m  
n x x n n  
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W N W N W W N W N N N  
C O O O O O C O O O O  . + *++*++* -+++  
I W Y W W W W Y Y W U  
V ~ O ~ ~ C - N V O I  
f - N Q r , Q U O l n N C  
. ' L ' ~ W 9 ~ . - = - . Q * 2 r  
O N - 4 - 0 - 4 0 0 0  
N m - a a - - . O a m m  
- D u 4 u c I P * - w  
0 0 - N 4 9 Q N w C O  
- a r - - - - N n J N N  
N N N N N N e J N N N N  
. S C I * I C I * S S .  

8 8 I I I 8 t I 8 8 . S  

O O O O O O O O O O O  
O c O O O O O O O C O  
0 0 0 0 0 0 0 0 0 0 0  
C O O O O C C O O O Q  
0 9 0 0 0 0 0 0 0 0 0  
0 - N m u w  C I - 0 0 0  . . . . - .  .. . . . - 



A.  4 USER CONSIDERATIONS FOR PROBLEM P 1-3 S OFWARE 

The d a t a  i n p u t  procedure and ou tpu t  i n t e r p r e t a t i o n  f o r  t h e  so f tware  
developed f o r  Problem P I - 3  are t h e  s u b j e c t s  of t h ~ s  s e c t i o n .  Reca l l  t h a t  t h e  
problem is t o  f i n d  a mel t  zone s u r f a c e  c o n t r o l  f u n c t i o n  (h (x)  i n  Problem P1-3) 
which, f o r  t h e  sake  of f l a t  i n t e r f a c e s ,  is compat ible  wi th  t h e  a p r i o r i  g iven 
s u r f a c e  temperature  d i s t r i b u t i o n s  of the  two s o l i d  reg ions .  A t  p r e s e n t ,  a l l  
t h e  requ i red  d a t a  a r e  i n p u t  i n  t h e  form of punched c a r d s .  The d e f i n i t i o n s  and 
formats  of t h e  i n p u t  da ta  a r e  summarized i n  Table  A-3. 



ORIGINAL PAGE IS 
OF POOR Q U A L l N  

TABLE A-3 PROBLEM P1-3 SOFTWARE 'INPUT 

I ,  

A 1 1  l e n g t h s  w i l l  be measured in r a d i u s  ( rad)  u n i t s ,  a .g . ,  2 rad is as long as the 
rod is wide. The temperature  scale w i l l  be OK above o r  below i h e  m a t e r i a l - m e l t i n g  
po in t .  , 

1 

d 

PROGRAM 
SYMBOL 

v 

'JARZ~BLE 
D E F I N I T I O N  

READ(S, ~~)P,HSUH,NGR~,~YR 
12 FORMAT(E20.10,bIlO) 

~ T S +  

P 

SUM 

NGRID 

NR 

Pecle;: number of uppar s o l i d  region 

The f i r s t  S U M  tarms of tha axpansion In Equations (2.2.14) 
=:e used to  approximate the upper s o l i d  reg ion ' s  temperature 
d i s t r i b u t i o n ,  T(x.r ) .  MSIM must be less than 2 1 .  

For computational purposes, the  s a d - i n f i n i t e  upper s o l i d  
region is truncated to  a f i n i t e  length (SLENGTH). SLENGTH/NGRID 
is the g r id  s i z e  mrployed i n  System (2.2.20) which is used to 
approximrte cha tuuparature d i s t r i b u t i o n  in t h i s  cntncated 
uppar s o l i d  ragioa. I n  addi t ion,  the upper s o l i d  region 's  
temparatura d i s t r i b u t i o n  is displayed f o r  NCRIDI 10+1 unif o m l y  
spaced axial values. NGkID m y  not u c e e d  50C and m u s t  b e  
d i v i s i b l e  by 10. 

We upuer s o l i d  region 's  temperature d i s t r i b u t i o n  is output 
fo r  NR+1 r a d i a l  values ( rad)  from 0 t o  1. NR may not exceed 
100. 

Diwnsion- 
l e s r  

READ(5,22)RKS,RKL,RL,SLaGTH 
22 FORHAT (LE2O. 10) 

c a l  
b!Z rad sec 

c a l  
rad sec 

c a l  
sec rad6 

:ad 

RKS 

iua 

U 

SLLVGTH 

RWD(5.22)Q 
22 FORMAT (LE20.10) 

0 Q is the length of the melt zone rad 

RWD(5,16)IHFC,X 
16 FORMAT(lOI5) 

Conductivity of a t e r i a l  i n  upper s o l i d  region 

Conductivity of mater ia l  i n  melt zone 

A? ~i Equation FZ2, 7igure  1-2. RL is the product o f  the 
zrowth r a t e ,  the so l id  m a t e r i a l ' s  densi ty  and the l a t e n t  
hea t . 
For computational purposes, the semi-inf i n i t e  upper so l id  
r%pL,n is truncated to a f i n i t e  Length, SLEXGTH. For 
d e t a i l s ,  review the end of Section 2.3. 



TABLE A-3 PROBLEM PI-3 SO- (CONT) 

UNITS 

I 

. 

PROGRAM 
SYMBOL 

IHFC 

M 

V W  
D-TION 

- 1 i f  a cubic s p l i n e  vill be usad t o  approrlmace the surf  ace  
t u q e r a t u r a  dis t r ibuc ioo ,  g (x) , of the  upper s o l i d  region. 

= 0 if the user  w i l l  supply r func t iona l  f o m  of g(x) . In this 
care ,  the  use r  must insert chi8 f w c c i o a a l  fonu of g(x) 
in the  subrout ine  HFC (see the software l is t  in Appendix 
C.4). 

Number of knots used t o  approximate g(x) by a cubic s p l i n e  . ' 
(IHFC-1). I f  IHFL=O, s a t  M-0. 

DO 32 I - 1.3 
READ(S,22)XD[0(1) ,YD(I) 

32 CONTINUE 
22 F O W  (4E20.10) 

W (1) 

m(1) 

. 

The a x i a l  pos i t ion  of the  1 t h  knot used t o  approximate g(x) .  
Ignore i f  IWC-0. I n  add i t ion ,  W ( 1 )  CXD(I+lX XD(l)=Q and 
.m (M ) IQcSLWC13I 

The sur face  csmperature represented by the  ICh knot used 
co approximate g(x ) .  Ignore i f  IHFC-0. 

r ad 

OK below 
me1 King 
cemp 

READ(5,12)P,XSUM,NGRID,*XR 
12 FORMAr(E20.10.6110) 

I 

? 

XSUM Same d e f i n i t i o a s  a s  above bur: 

W(5,22)RKS,RKL,RL,SLENG~ 
22 FORHAT(kE20.10; 1 

XGRID 

XR 

W 

RKL 

XI. 

SLENGTH 

applied t o  the  lover s o l i d  region 

I 
Csnductivicy or a ta te r i a l  in  lover  so l rd  region c a1 

Conductivity of n u t a r i a 1  in  melt zone 

&!sf EqwtlonFZ4,  Figure 1-2. !U is che product of 
che jrowth race.  s o l i d  macerial's density, and laeenc heat 

For computational purposes, the semi- inf ini te  lover  s o l l d  
region is truncated co a f i n i t e  length,  SLENCTH. For d e t a i l s ,  
review the end of  Seccion 2.3. 

JK rad sec 

c a 1  
3~ rad sac 

c ~ 1  
sec raaL 

rad 

3 



TABLE A-3 PRO= P1-3 S0FRW.E INFUT (COIJT) 

PROGRAM 
SYMBOL 

The surface ' temparacura  reprarenced by t h e  I t h  knot used t o  O K  belot. 
approacimace t (x) . Ignore  i f  fHFC-0. 

READ(5,16! fBFC,M 
16 PORMAT(1OIS) 

P 
I 

.'ISIN Same d e f i n i t i o n s  as previously given buc appl ied  
to  the  m8Lt zone o f  l eng th  Q 

I 
NGRID 

rn 

W ( 5 ,  ~~)MAXTERM,XL,VTE~U~,.WSYS,MMSYS,DEL~,D&WS 
16 FORMAT(IO'LS) 

The s o f t v a r e  is designed co compuce the  melt zone su r face  
concrol  funccion f o r  var ious  combinarions of XTZRH and NSYS. 
To do ch i s ,  che use r  nus t  app ly  che bounds and Fncremencs Csr 
the  cases  des i r ed .  

VARIABLE 
DEFINITION 

IIIFC 

UNITS 

S I ~ Y  d e f i n i c i o ~  as pravioualy  g ivan but  app l i ed  t o  t h e  
su t f ac r ,  cemparatura d i s t r i b u t i o n ,  f ( x ) ,  of t h e  lover s o l i d  
region.  

. W E R M  

X I , V ~ ~ R M  

?iAXXSYS 

:dlWSYS 

DELNSYS 

DO 32 I = l , M  
REU)(S,Z?).YD(I) ,!tD(I) 

32 CONTINUE 
22 FOWAT(6EZO. 10) 

Upper bound on .XTEW 

Lower bound on ?fEW 

Upper bound on !ISYS 

Lower bound% XSYS 

In tege r  increment f o r  NSYS 

XD(1) The a x l a 1  p o s i t i o n  of t he  Ith knot usad co approximate f ( x ) .  
Ignore if IWC-0. I n  a d d i t i o n ,  D( I )GCD(I+ l ) ,  XD(1) --SLENCTH, 
=d XD(H)-0.0. 

r ad 



An i n p u t  sample is i l l u s t r a t e d  i n  F igure  A-7. 

The ou tpu t  i s  c l e a r l y  l a b e l e d  f o r  e a s e  of use .  The i n p u t  d a t a  f o r  :he 
upper s o l i d  r e g i o n  is o u t p u t  f i r s t  followed by d i s p l a y s  of t h e  upper s o l i d  
rcg ion '  s temperature  d i s t r i b u t i o n  (given i n  t a b l e  format)  and i n t e r f a c e  g r a d i e n t  
( w e  Figure  A-8). The lower s o l i d  r e g i o n  fo l lows  i n  a similar f a s h i o n  
(Figure  A-9). Using Equat ions  FZ2 and FZ4 of F igure  1-2, t h e  r e q u i r e d  
melt zone i n t e r f a c e  g r a d i e n t s  a r e  computed and t h e n  d i s p l a y e d  a long  w i t h  
t h e  melt  zone i n p u t  d a t a  ( s e e  F igure  A-10). For each of v a r i o u s  combinations 
of MTERE and NSYS ( r e c a l l  t h e  d e f i n . r t i o n  o f  MINTERM, . . , DELNSYS), t h e  
expansion c c e f f i c i e n t s  o f  t h e  melt zone s u r f a c e  c o n t r o l  f u n c t i o n  ( s e e  Equat ion 
( 4 . 0 . 1 8 ) )  a r e  o u t p u t .  Using t h e  computed s u r  a c e  c o n t r o l  f u n c t i o n ,  t h e  mcl: 
zone temperature  d i s t r i b u t i o n  (given i n  t a b l e f  fonn) and i n t e r f a c e  g r a d i e n t s  
are d i sp layed  nex t  followed l a s t  by t h e  r e l a t i v e  d i f f e r e n c e  ( i n  the  ~2 norm) 
between t h e  requ i red  mel t  zone i n t e r f a c e  g r a d i e n t s  and those  ob ta ined  by use 
of t h e  s u r f a c e  c o n t r o l  f u n c t i o n  ( s e e  F igure  A-11). 

To f i n i s h ,  t h e  u s e r  must supp ly  t h e  two a l g o r i t h m s  d e s c r i b e d  a t  the  
end of Appendix A.2. Also,  an  a lgor i thm t o  s o l v e  ( i n  a l e a s t  s q j a r e s  s e n s e )  
an  overposed syscem of l i n e a r  equa t ions  ( f o r  example, s e e  [17, Chapter 5 ] ) must 
be provided f o r  use i n  t h e  s u b r o u t i n e  ?ELTI ( s e e  Appendix C . 4  f o r  code l i s t i n g ) .  
I n  a d d i t i o n ,  a n = e r i c a l  i n t e g r a t i o n  r o u t i n e  is  r e q u i r e d  f o r  use  i n  t h e  
s u b r o u t i n e s  INTEGLl 2nd INTECL2 (dur ing s o f t w a r e  v e r i f i c a t i o n ,  t h e  numerical  
quadra tu re  code CADRE was used and is a v a i l a b l e  i n  t h e  IMSL package o r  from 
the  open l i t e r a t u r e  [16, Chapter 7 1 ) .  

'The mel t  zone s u r f a c e  c o n t r o l  f u n c t i o n  can be read from :his t a b l e  i n  the  
R=1  column. 
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-tno,o 
-150.0 
-2OO*O 
-2qo . 0 
-340q0 
m350.0 
-uno,o 
-uso*o 
-tno.o 
-550.0 
-bnO.O 
-b50.0 
-7OO.U 
-750.0 
-8no.o 
me2s.o 
-830,O 
-8bo * 0 

2 0 ioo z 
O e l l O "  1 .5~9i/31b 

-1140.0 
- 1  138.0 
- 1  13s * O  
n1130.0 
-1120.0 
-1la0.0 
-1G1 : 
-1Oi.5.0 
-050.0 
-900.0 
-150 * 0 
-800.0 
-750.0 
r7n0.0 
-690.0 
-bOO*O 
-590.0 
-~00,0 
-450.0 
-4ao.o 
-3'JO.O 
-300.0 
-250 . 0 
-zooe o 

-175. 
-190. 
-1250 

-103, 
-75 . 
050. 

-25 . 
0 . 0 
2 0 -00 i? 

12 2 3 

Figure A-7 Sample Input For ~ r d b l e m  P1-3 SL .,fare 
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a  m C C  
s 00-  * * * *  
. W W W  . o m 0  

O W 9  . O C O  
- 0 4 0  
a o e r  
a 0 4 a  

0 W W  
B O O 0  .- 4 *  * 
. I 1 1  
I 

a  
a  m n *  
* a 0 0  
a  * + +  
. W W W  . 0 -* . C 0 -  
a  OOlY 
. C O Y )  
l 690  

o r m  
a  Q I n C ' l  
* L C *  
4 * . @  
a 8 1 8  . 
* n n m  
* 0 0 0  
a + + *  
C W Y Y  . c o m  
. o m 0  
. 0 4 0  
. C O O  
0 O O N  
0 0 0 0  
a  Z u-m 
. a  a m  .... 
- 1 1 1  
a 
I .... 

0 0 0  
0 '3 0 
C C O  
W N N  
C c . C  
O O *  ... 
w - 0  
- C I -  





.v, I.. 

r 0 NC) 
*MOO 
8 b  * +  
9 W W W  
* m O O  

r- oo 
* . n o 0  
8 m  0 0 
a - o e  
* N O 0  
a 0 0 0  
.-m- 
-a,* 2 a 

8 8 8 8  . . O N -  
* - 0 0  

8  + +  
. W W W  
- m u - *  
.F F 0 
*a * - -  
* m a n  
- - o m  
* m a -  
c a o m  
*I- U l r  
8 . L a  
1 8 8 8  
s . 
m 
8 0 ~ n  

r o o  
a @ + *  
. W W W  
* W W D  
* - * a  
- 4 0 ' -  

m N C  
s -a - 
m n d 0 0  

O C I N  
a - 4 -  . C .  
8 1 1 1  

8 
.*a. 

0 0 0  
0 0 0  
c c e  
0 0 0  
C C C .  
O N 0  ... 

# b  

n a a 1  
x x  x: 

* W O I U  
00000 * * * * +  
Y W W W W  
- w a r n 0  
rdr NO 
N O O N 0  
0 0 - 4 0  
a u v o a  
n n n m u  
c.c.c.L)L. 
-4-4- 

. % % % * a  
8  m s 8  8 D 

O Q O O O  
0 0 0 1 3 0  
0 0 0 0 0  

o o o o o o o o o c o  
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APPENDIX 8. CONVERGENCE OF EQUATION (2.3.11) 

R e c a i l .  from S e c t i o n  2 . 3 ,  Equa t ion  (2.3.11) 

where 

" 'it 
n S 

n -, 
and 

,, 

I n  t h i s  append ix ,  tinder t h e  a s sumpt i3ns  bt S e c t i o n  2 . 3 ,  i t  d i l l  b e  shown t h a t  

For convenience ,  suspend  t h e  u s e  of t h e  "n" s u b s c r i p t  and d e f i n e  

- 
S i n c e  C app roaches  z e r o  as x proceeds  t o  n e g a t i v z  i n f i n i t y ,  i f  g i v e n  some 
C>O, t h e n  t h e r e  e x i s t s  some N<J s u c h  that 1 E(t)  1 < € i f  t c N. Then s i n c e  
a>O, -- 
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Hence, s ince  tha above E is arbierary and a>O, the first summand of (2.3.11) 
converges to zero as  x proceeds to  negative infinity. Next, for the second 
summand of (2.3.11), 

because l im G = 0. Hence la T ( x )  = 0. 
? r'-= 

A clever man understands the need for 
p r o o f .  
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INTRODUCTION 

The computer codes developed t o  so lve  Problems P1-1, Pl-2, Pl-3, and 
72-1 a r e  given i n  t h i s  appendix. The codes themselves con ta in  numerous conrments 
c o r r e l a t i n g  p o r t i o n s  of t h e  codes wi th  s e c t i o n s  and equat ions  i n  t h i s  r e p o r t .  
The code f o r  Problem P2-1 is l i s t e d  i n  Appendix C . 2  and is followed by t h e  code 
f o r  Problems PI-1 and Pl-2 i n  Appendix C.3. To f i n i s h ,  t h e  code f o r  Problem 
Pl-3 1s l i s t e d  i n  Appendix C.4. 

C. 2 COMPUTER CODE LIST FOR PROBLEM P2-1 

The computer code f o r  Problem P2-1 is  l i s t ed  i n  Figure  C-1. Before 
using t h i s  code, t h e  use r  should review t h e  remarks given a t  t h e  end of Appendix 
A . 2 .  
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~ c r ~ ~ ~ c c c c c c c c ~ c ~ ~ c ~ ~ r : c c ~ c ~ ~ c c c c ~ c ~ ~ c r c ~ c c c c c ~ c c c c c ~ c ~ c c c c c c c c c c c c c C ~ t c c  
CC C C 
CC PROCRAM PIJRPOSC- CC 
cc  C ~ ~ M P U T E  S T E A D Y - S T A T E  TEPPERATIIRF DISTRIBUTI~~N AGO TUERI'AL CC 
cc GRAI~IcNTS F ~ R  FINITE LENGTH T R A W S L A T I N G  C v L r N o e n .  THIS P R o n i E *  cc  
CC I S  O E S C R ~ B E ~  IN DETAIL IN s € C t r n ~  2.2 O F  FINAL PCPORT (TO 1 : ~ S b )  CC 
cc  THE C ~ N T R ~ L  OF FLOAT ZONC :NTFGFACES B Y  THC URC OF SCLEC'ED CC 
cc  BOUNDARY C O ~ D I T T ~ N S  - B Y  SCICNCF APPLICATIONS, i t i c e  cc  
c c  SaUQcE-  c c 
CC S C I F N C E  APPI,Ic~TIC)NS, I lJC,  C C 
CC HUNTSv tL l ,E ,  A L A A A ~ A  CC 
CC AUTHORS- CC 
CC LARRY W e  FOSTER CC 
cc  JOHN wc I NTOSH cc  
CC HCFFRENCE- CC 
cc  - THE CONTRnL OF r L o A T  row I N T F R F A C E S  B Y  UTC OF SCLEC-ED c c  
CC B ~ I U N D A R Y  C O N O I T ~ O N S  - C C 
~c (PINIL QFPORT S A I - ~ ~ / S O ~ U  HI ) )  c c 

-CC SCIENCE APPI ICATIONS, TNC CC 
cc  REMARKS- C c  
CC - SnFTwARC nEVELOPED AND TCSTEn I?N CDC 7600/h40; ANn C c  
CC U N I v A C  1 9 0 6  CC 
cc  - ALL E Q l l r t ~ O ~ s  REFERENCED I!; c n O E    EL OW ARE: CO~~AINED 111 cc  
CC F ~ N A L  REPORT- C C 
C c r TME CnNTPOL OP F L n A T  7f lNE I N T E R F A C E S  A Y  THE USE R F  CC 
CC 3CLsCTED BOUNDARY C O l * n I T I O N S  . -cC 
CC l vp ( l f  V A R I A B L F S  AVO FUNCTIONS* CC 
CC p PECLFT NUMOCQ - CC 
CC n d u n  . YUVRER OF TEQI:S T N  SERIES E X P A C ~ ~ C N  nr cc  
C c TEWPERATtjRE P~STRIRU~I~~N (THE DCSI!ED sOLCTIO~!)  cc  
CC Xfi  - AXIAL P O S I T 1 0 l i  n c  LCUEP ENO OF c ~ L I N ~ C R  CC 
CC XN r AXIAL P O S 1 f ~ 0 l r  nr UPPER t u 0  0 f  C v L I N n E R  CC 
CC N C R I D  . NUMBER OF DIVISIn!;S O f  C'LINOFR 'XIS USCD Ill C C 
C C SOLUTION OF 0. C ,  r ,  BOUNOARv V A L U t  P R O I L r *  C C 
CC RESULTING P'ROn T R A ~ S F O R M A T I O ~  OF T ~ E  PnC l4ODCLING CC 
C f THC TEnPCRA?URE C c 
CC NR . N U M ~ C R  D I V I S I C N S  o f  CYLINDER R A D ~ U S  uSEC I N  CC 
CC OUTPUT Of TEMPF~;ATIII?E O I S T ~ I ~ U T ~ ~ ~ ~  cc 

.CC I F F C  - I I F  A O I S C ~ E T E  n ~ T r  POINT FORM n F  THE ZURCACE CC 
CC TEMPERATURE 1 9  l jSEP PROVTOEO CC 
c c r 0 I F  A USER DCFIUED F ~ N o T ~ O N A L  T n n H  OF CC 
CC SURFACE TEMPERATURC-IS PROVIDED C C 
C C  t X 3 r Y O )  - USFR PROVIDED DATA PTS FOR THC A~IAL DISTANCE CC 
C c ( x O )  ANO C O R R E S P ~ N ~ I N G  S ! l R F r t t  TEHPERATURE ( Y e )  CC 
CC n - NUMIEP O f  DATA PIS. INPUT IF f M f r  a 1 cc  
cc SET TO 0 If I h F C  8 b CC 
cc  HFC USER PROVIOCD ( I F  I n F C  a 0 1  S U R F ~ C E  T E W E R A ~ U R E  CC 
cc D I S T R ~ I U ~ I O N  CC 
cc AFC . USER P@OVIDCD TEUPERATIIRE OISTR~~UTI~N CN Tl rc  cc  
C C LOWER ( A Y I A L  POGITTON s X O )  FND OF THE CYLI!!DCR CC 
CC arc  - IJSER PROVIDCD TLU~ERATIJRE DISTRI~UTI~~N f N  TtlC CC 
c c UPPER ( A X I A L  POOIT~ON 8 XN) END OF THE c v L t t l o c n  cc  
Cc OUTPUT VARSA~I .E~=  C C 
CC THOLO - TEuPEPATURE O I S T O I B U T I O N  ARRAY 1; TH? C~LINDER CC 
c t  (FROM x o  TO xt i  ~ X I ~ L L Y ,  WITH NR OIVISIPNS o f  t u E  cc 
cc  R A ~ I U S ~  CC 
cc  G R A ~ X O  . r A X I A L  T H C R ~ A L  ~ R I Q I E N ?  ARQAY A T  Y O  CC 

Figure C-1. Computer Code L i s t  f o r  Problem P2-1 



CC G R A ~ X N  - r x I r L  TnERnnL c R r ' . I E Y t  A R R A Y  A T  xI1 C C 
cc  USER WPPLXED M A ~ M W A T ~ C A L  S O ~ T L A R F -  C c 
CC - A LEAST SIYUIRCS ALGORITHt! TO q f lLVE nVER POSED SYSTEMS OF CC 
c c  LINCAR E~~UATIFNS (~LQUIREO 11; SIIOROUT~NE C O E F S , ~  C C 
Cc  - A N  A L G ~ R I T H M  70 E V ~ L U A T E  ~ E S B F L  F U N C T ~ O ~ S  t R E n U l a ~ 0  IN c C 
CC S I ~ ~ R O U T I ~ J E  , l o )  cc 
c c CC 
f c r ~ C C ~ ~ c c c c c c r c c i c c c ~ c c c c c c c c c c c c i c c c ~ c c c c c c ~ : C c ~ c ~ r ~ c ~ ~ c c r c ~ t c ~ ~ c c t C ~ c c c  

QFAL J i  t , l l L ~ M  
C ~ ~ ' ~ O N / C V / R I  A P O ( ~ O ) D J ~  ( 2 0 ) , . 1 1 l . ~ u ( 2 0 1  
C ~ ~ H ~ O N / C I O / A S C R I P ( E O ) D ~ ~ C R ~ P ( ? ~ ~  
C ~ ~ ~ O N / ~ E A O ~  /P, ~ S ~ J ~ D X O , X ~ ~ ! : G ~ ~ D , ~ R  
C O M ~ O N / C ~ / P ~ ~ O ~ ) ~ P S I ( E O D ~ O ~ ~ ~ S ~ ~ . ~ ~ ( ~ ~ ~  
C ~ ~ ~ O N / C Z O / A ( ~ O ~ ) ~ ~ ~ S O O ) , C ( ~ ~ O ~ , ~ ~ ¶ ~ O ~ ~ ~ ( S ~ ~ ~ ~ O ~ ~ A ( ~ O ~ ) D G ~ ~ ~ ~ A ( ~ ~ ~ )  
C ~ M ~ C N / C ~ ~ / T H C T A B ( ~ ~ D ~ ~ ~ ) ~ T M C ~ P ~ ~ O ~ ~ , T ( ~ ~ ~ , G R ~ D ~ ~ : ~ ! ~ ~ ) , G R A D X O ( ~ ~ ~ J  
C r A R A C T E R * l 7  R IS ,ALPMA(b l  
CHARACTER* ln  S T A R S D S T A R ( ~ )  
DATA R I S / ' R a  '/,~i~~~/t.****r.*b.~~bbrbb'i 

Dfl 2 1 0  L . 1 ~ 6  
A C P H A ( L ) m R I s  
STAR ( L ) ~ J T A R S  

? l o  CONTINUE 
~ C r C C C ~ r C c C ~ ~ ~ c c ~ r ~ ~ ~ c ~ c c ~ c c c C c ~ ~ c C c c ~ ~ c c c c c c C c C c c c C c ~ c c c c c c c c c c c c c c c c c c  
CC c c 
CC c t 
CC RLAMD(H)=ROf7T OF J o  BESSEL FCN CC 
CC J ~ ( M ) ~ J ~ ( R L A H ~ ( ~ ) )  *MERE J 1  I S  PCSSEL FCN CC 
CC J l L A M ( n ) r J l t ~ ; / 7 L A H a ( " )  Cc 

UHIGIIJAL FAZX :5 
OF POOR QUCiLiTf 

F i g u r e  C-1 .  Computer Code List For Problem P2-1 (Cont)  



J J ( 1 7 ) . 0 , 1 0 ~ 9 ~ ~ l ~ 3 ~  
J l ( i l ) ~ - n , l n b o u 7 0 8 n f  
J l ( l Q ) 8 0 , 1 0 1 0 5 9 T 7 2 9  ORIGINAL PAoE 
J l ( 2 0 ) . - O m l n l ? 9 T 4 q B ~  

c OF POOR QUALW 
DO 10 I s t , z n  

JtLAH(I)~.ll(I~/RLAc(O(Il 
S Q J I ( 1 ~ 8 J ~ ( I l * J l ~ I )  

10 CnNTII lUE 
CALL INPI IT  

~ c r C C C ~ r c c c c c ~ c ~ c r ~ ~ c ~ . c c c ~ c c ~ ~ c c c ~ ~ ~ c r c c c c c c c ~ c ~ c c c ~ c ~ c c c c c c ~ c c c c c c ~ c c ~ ~  
CC 
c c  F f N n  C O E ~ S  FOR RESSCL EXPAt iStnt19 OF r ( R ) - r ( l )  A U ~  e c s , - e c i )  

cc 
CC 

CC S F E E O U A ~ I O N S ( 2 . 2 . 1 T )  AND ( ~ , ~ : ~ ~ ) O C ~ ~ N A L R E P O R T  CC 
C C cc 
c c r c C c c r c c c c c c e c c c c c c r : c ~ : c ~ c c c c c c c c c ~ c ~ ~ c c c c c c ~ c ~ c c c ~ c ~ c ~ c ~ c c c c c c c ~ c c c ~ ~ ~  

CALL A f C C l r f l ~ A O r l l  
CALL R r C l l . n r R O C 1 )  
On 20 I = + o l n l  

R ( X ) = ( ? - 1 ) 4 0 . 0 1  
RWOL08R ( I  
CALL AFC(RHOLn.ANS) 
A (1 1 SANS-AOF 1 
CALL w c ( a n o i n . r N ~ )  
Bt I ) .ANS-nOrl  

2 0  CnNTINUC 
CALL C O E F ~ ( R O A ~ I O I O ~ O ~ A ~ C R ~ P )  
CALL COE~S(R,R,~O~,ZO,BSCRIP) 

~ C r C C ~ C ~ c ~ c ~ ~ ~ ~ c c r ~ c c c c c c C c C t i t t c c c ~ c C c c c c r ~ c ~ c c c r c c c c c c c c c c c c ~ c  
c c 
CC SOLVE FOR THETA O A R  OF COUATfOt49 (2.2;19) er S o i ' ~ r ~ c  TFE 

CC 
CC 

CC T R I n X r ~ 0 ~ ~ ~  SrSTE* ( 2 .2 *20 )  - SFE F I N A L  RFPORT CC 
C C KC 
~ ~ r ~ C C ~ ~ ~ ~ ~ ~ c ~ r c c c c c c r : ~ c c ~ c ~ ~ ~ ~ ~ ~ ~ ~ c c i ~ c c c c c c ~ c ~ c c c ~ c ~ c c c r c c c c c c c c c ~ c c ~ c  

DXS(XN-X~) /UGI? ID 
DXZ.OX*OX 
~-W6?:p-i 
0 0  30 M = *  iflaUw 

Do 4 0  1.lrL 
A ( r ) a l , n+o r *P /Z .o  
B C t ) m - ~ ; o - o x ~ * R L ~ ~ o ( n ) ~ R L ~ n n ( ~ )  
C(1)8 l ,n -DX*P/ZmO 

x.xn+r * O X  
CALL GBAR(MoxoANS) 
O(I).OX~*ANS 

40 C~NTINI I~ , 

O ( ~ ) ~ O ~ ~ ) - ( ~ . ~ + D X * P ~ ~ . O ) * A ~ C R ~ P ( C I ~ * ~ Q J ~ ~ M ) * O , ~  
D ( ~ ) r 0 r ~ ) - ( i . o ~ o x * r ~ Z . o ~ ~ ~ S ~ ~ ~ r ~ 1 r ~ ~ ~ ~ ~ l t ~ ~ ~ o . ~  

CALL T R t n r C t L )  
DO 50 1.Z.NCRID 

I 11.1-1 
T n C T A O ( n o x ) ~ v ( I I )  

5 0  ; f l N T ~ N l l ~  
YSTOPSNCR~O*~  
T w E T ~ 8 t H , l ) . ~ 3 ~ e 1 ~ ( ~ ~ * S 0 ~ l ~ ~ ~ i i , o  
~HCTA~(M,MSTOP)~BSCRIP(M) *30,1i ( Y )  I? ;  o 

30  CllNTINUC 
OR.! , O / ~ R  
NRSTOP.WR*l 
DO 60 I 8 ~ o N R S t O C  

R ( I ) s ( ? - l l n o R  
DO 6s n m i , n r u r  
P S I ( H ~ I ) ~ F ( M ~ R C I ) )  

o 5 CnNTINl I f  
0 0  CnNTfNUf  
CC P e I N T  TCHP€RAtURES cc  

I 

Figure C-1. Computer Code List for Problem P2-! (Cont) 

C - i  



I Ian 

c n ~ r ; ~ u t  
I ~ ~ ~ R S T O P . L F . Y R ~ G H T ) ~ C L A C ~ ~  
M R I ~ ~ T . H ~ U ~ ~ N R S T O P , ~ R I G ~ T )  
n % I T E ( b r  l901 ( R ( J ) , J m w L E F T r l l r r I C H T ]  

I Q O  r n R n r T ( / / / / / , t n  , 1 7 ~ , b ( ~ t z ~ ~ , s x v )  
I ~ O L D 8 M ~ ? t H T - ~ L E F T * l  

I r R I T E ( b r ~ b 7 r ~ A ~ P n A ( L ~ ~ L 8 1 r ~ ~ C ; L P v  
? b 7  F n R M A T ( 1 M t r  t 7 X o h 4 1 1 )  

~ R I T E ( b o 2 6 6 1  ( S T A R ( L ]  e L 8 1 0  Iti0i.D) 
p b b  f F R Y A P ( l H 0 , 1 5 X o h 4 1 7 )  

0 0  2 0 0  I a t  ,NSTOP 
I I . t ~ S ~ n P * l - r  

X .XO* ( I I -1 )eDX 

ORIGINAL PAGE 1s 
OF POOR QUALln 

DO 2 0 2  J s ~ L E F T ~ M R I C ~ T  
C C ~ ~ C ~ C ~ C C C C C S ~ ~ C ~ ~ C ~ I : ~ C C C C C C C C ~ ~ ~ C C L : ~ C ~ ~ ~ ~ ~ ~ ~ ~ C ~ ~ C C C ~ C ~ ~ ~ C C ~ C C C C ~ C C C C ~ ~  
cc  c 11 
CC DCTERMIYF TFHPESATURE AT ~ X , ~ ( J V )  r t 
CC SEE EOUATIOw (2,2,14) Of F I N A L  QEPORT . 1 

C t i? 
~ c r c ~ ~ c r c c c c c t f c ~ r c ~ : ~ ~ ~ c c c ~ ~ c c c ~ c c ~ ~ ~ r ~ ~ ~ ~ c c c c c ~ c ~ c c r ~ c i ~ c c c ~ ~ ~ ~ c ~ c e ~  LC.C:.,. 

T H O L ~ ( J ~ ~ L . O  
DO 2 0 4  uri ,nsur 

T ~ ~ ~ D ~ J ) ~ T H ~ L D ( J I + ~ ~ o * P s ~  ? H ~ J I * T H ~ T ~ ~ ~ R ,  1 i ) / ~ t 7 ~ 1  ? n )  
Z O ~  CONTINUP 

CALL 4 c C ( ~  ,ANs)  
~ W O L ~ , ; ~ ~ T H ~ ~ L O ( J ) + A N S  

207 CONTINUF 
U R I T F ( ~ . ~ O ~ ~ X D ( T M O L O ( J ) ~ J ~ M I  ~ F l D M t ? 1 G u T l  

207 F n R n r T ( f H  x = , f i o . b , S n  J t b ( F l 5 . b D 2 ~ ) )  
20" C n N T I N l l r  

1 F ( 1 f L A t . F O . l ) ~ f l  T o  zzo 
MR1C:cTsnRt t  ! T + 6  
HLEFT*MLE?T*6  
GO 7 0  1 8 0  

Z Z ~  C n N t I v l l L  
~ c r c ~ t c c ~ c c t c c t c ~ r c c c c c c c C ~ ~ c c c c c ~ ~ c c i ~ r c c c ~ c ~ c ~ c c ~ ~ c ~ ~ c c c c c ~ ~ ~ ~ ~ c ~ ~ ~ ~ c c  
cc  c c 
cr: c O n P u t ~  T H E ~ M A L  cRADICNIS  A T  X ~ Y O  APJO xu cc  

Figure C-1. Compr.lter Code L i s t  f o r  1 ~ o , ~ e n  P2-1 (Cont)  



ORIGINAL PAGE IS 
OF POOR QUALITY 

J H O L D ~ N S T ~ P - ~  O + J  
DO 2917 r t1 ,nSUM 
t ( . I ) r t ( J ) * 2 . 6 * P ~ I  ( b * , f  I*THF:AR(P, J ~ C L O I / S C ; ~ ~ ( P )  

2Qn COHt f  NUF 
XrXO+(.fHdl 0 -  r *ON 
CALL nFC!X#ANs)  
t ( J ) 8 T r J ) r A N S  

t 8 n  CnHTINUE 
C ~ ~ C C C C C C ~ C C ~ C C ~ ~ ~ ~ ~ ~ ~ : ~ C ~ C ~ C C C C ~ C C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C C ~ C ~ ~ ~ C ~ ~ C C C ~ C C C C C C C ~ C C C C C C  
cc  CC 
cc  APP~JXIYATI: TREQMAL GPAOIE!:TS A T  CYLIUOFR ENDS CC 
:C . SEE ~ O ~ ~ A T ~ ~ N S  (2.2.211 AliD (.?:2,2~1 OF F I N A L  REPOR? CC 
c C CC 
~ C r C C C c r c c -  . , . c c c c ~ c c c c c c c t c ~ t c ~ c c c ~ ~ c c ~ c c c c c c ~ c ~ c c ~ ~ c ~ ~ c c r ~ c ~ ~ ~ c ~ c ~ ~ ~ ~ c c  

C P I C : ~  . : ) 2 ( - 3 * T ( b l + l b * T ( 7 1 ~ ~ t r * T f 8 ) ~ ~ 8 * ~ ~ 9 ) r ~ ~ * ~ ( l O ) ) / ( l ~ * o C )  
G R A ~ ~ . ~ [ ~ ) ~ ( - ~ * T ( S ) + I ~ * T ( O I - ~ ~ ~ * T ~ ~ ) + U ~ ~ T ( - S * T  l l ) / ( l z * D X J  
W R I T E ( ~ , T O O ) R ( I ) , G R A D X O ( I ) , G R A D V ~ ~ ( I )  

'400 FCJRnAT(lU clPW,F8,h,3XtElf.Qr7X,C17~Ql 
r5n CnNTlNUL 

STOP 
EN0 

~ c r ~ ~ ~ ~ c ~ ~ ~ ~ c c e c c r ~ c c ~ c c c ~ c ~ ~ c ~ c c ~ ~ r  C ~ C C C C C ~ C C C C C C C C C ~ C C C ~ C C C C C C C C C C C C C C  
CC c c 
CC T H I S  SUBROUT~NE APPQOXIMATES ( R V  FINITE QIFFFRE~CEI t EAR O f  CC 
CC EnUATION (2:~.1b)  Of F I N A L  PCP007 C t  
cc  CC 
c c r c t c c r c c c c c c c c t i c c c e c t c c c t c c c c c c c c c c c i i c c c c c c ~ c c c c ~ ~ c ~ c c c r c c c c c c c c c C ~ c c t  

Sll8ROUTINE p . a ~ R f n ,  1 8  ANSI 

COMMON/REAO~ / P , M S U M ~ X O ,  X N , ~ : G ~ ? ~ , I ~ R  
E P S L O N S O . ~ ~  
X l  sX-EPSI.ON 
XZsX+EPSI.ON 
CALL HFC(X,ANS) 
CALL H C C ( X l r A N S 1 )  
CALL ~ F C ( X 2 , b N S ~ )  
G = P * ( A N S ? - A N S ~ ) / ( Z . ~ * E P S L Q ~ . )  
G ~ G - ( ~ N S R + A N S ~ - Z . O * A N S ) / ( E P S L O ~ ~ ~ E P S L C I I )  
A N S ~ C * J ~ L A M ~ M )  
RETlJRN 

Figure C-1 .  Computer Code L i s c  f o r  Problem ??-1 (Cant)  



n R I T E ( b t 3 0 ) ~  
S O  F f l R U A l ( / / / / / / , 9 5 H  THE SURFACE TPHPERATURF D I S T C ~ G U T T ~ N  I S  A p P R O X I r  

l A T E D  B Y  THE cuerc  S P L I N E  T r ~ ~ t u f i a  THE FOLLOWINC,~~,~IU ( X I  TEMP> D 
- 4 T r  POINTS, / / I ,  3714 X SURF ArE TEMP, 
00 3 2  I * ! , M  
R F A O ( S t 2 2 1 X n ( I ) t Y D ( I )  

22 F n R M A T ( u ~ 2 g ; l o )  
l b  F P R M A T ( Z ~ ~ O I  

n a I T E ( b , s a ) x D ( I l , v n ( x )  
34 F P R Y A t ( 1 n  ,?EEO.lO) 

ORIGINAL PAGE 18 
32 C ~ N T I ~ J U E  OF POOR QUALITY 

CALI. COFCEN 
hO CnNTfNUt! 

R E A n ( 5 , l n ) P , X g , X t ~ , M S U * , N C R f b , k R  
l o  F ~ R M A T ( S F ~ ~ : S , U ~ ~ O )  

* R I T ~ ( b r 2 O ) P , X O , X N r w S U n , N C R I C , N *  
zo ~ n ~ n r t c / / / , s b r  P x 'J x H rsun NCRID 

! h R t / / , I H  .3€1E.u , IS ,217)  
RFT'JRN 
END 

~ ~ r ~ C ~ ~ t ~ t ~ ~ t c r ~ ~ i ~ ~ c c c c t ~ ~ ~ ~ c c t ~ c ~ c c i c t c c c c c t c ~ c c c ~ c ~ ~ c c c t c c ~ c t ~ c ~ C ~ c c c  
CC CC 
cc  THIS SUBROUTINE SUPPLIES LATCRAI SURFACE TEuPERi:URf t t 
CC SEE EQI IAT lON ( 2 , 2 0 4 )  OF T I I * A L  CEPORT C t  
CC C t  
~ ~ r t ~ t ~ ~ ~ t t t ~ ~ ~ c ~ r c c c r : t ~ t ~ ~ ~ ~ t ~ ~ ~ ~ ~ ~ : t i c t c c c c t ~ c ~ c ~ t t c ~ ~ ~ t ~ t ~ ~ t ~ ~ ~ c ~ ~ ~ ~ c c  

SlJBROUTrNE uFC(X,AHS) 
c c n w o ~ r  ; C ~ S / T  HFC 
D I ~ E N S : O N  C I 7 )  
I F  ( ~ H F c  .EQ. 11 t f lTObO 

~ c r ~ t ~ ~ c ~ ~ ~ c ~ c t ~ c r c t c t c t ~ ~ c ~ ~ ~ c c c c ~ r c ~ c c c c c c c C c c c c C C c ~ C c c c ~ c c t ~ ~ ~ c ~ ~ ~ t c c  
C C C C 
GC USER SUPPLIFO LATERAL SURFnCC T F H P E R A T U ~ E  CC 
c c C C 
~ ~ r ~ C C ~ r ~ t ~ c ~ c t t t r c c c ~ t c c ~ c c ~ c ~ ~ c t ~ c c i ~ t t c c c c C c ~ c ~ c C ~ ~ C ~ ~ c ~ c ~ t ~ t ~ c C C ~ t c t  

RETLIR'J 
~ C ~ C C ~ ~ C C ~ C C C ~ C C C ~ C ~ C ~ : C ~ ~ ~ C C ~ C C C C C C C C ~ ~ ~ C ~ ~ ~ C C C C C C ~ ~  C ~ ~ C ~ C C ~ C C ~ C C C ~ C U C ~ C  
CC cc  
cc  L A T F R A L  ~ U R F A C E  TEPPERATURC TP~W;DED R Y  SPLI~E t t 
c c  FIT OF U ~ E R  SUPPLIED ( X ~ I , V ~ I  cc  
cc  cc  
~ c r c C ~ ~ t ~ c c ~ c t t ~ ~ r ~ c c r t c c ~ ~ ~ ~ ~ c ~ ~ t ~ c ~ ~ i : t c c c c c t c ~ c c ~ C ~ ~ ~ c c c t c c ~ ~ ~ ~ c C ~ ~ ~ c ~  

60 CALL SPLJYEIX,ANS) 
RFTlJRN 
END 

c c r c ~ t c c c c c c c c c c ~ i c t c : : c c c t c c ~ ~ ~ c c ~ ~ c c i ~ c c c c r c t t ~ c t t ~ ~ ~ ~ ~ c c t ~ ~ ~ ~ ~ ~ c ~ ~ ~ t c ~  
C C C c 
c c  THIS SUBROUTINE S U P P L I E S  Q A D I A L  T E P P E Q A ~ U R E  OISTRIBUTICY cc  
cC ON L O W Q  ENn OF c Y L I N O E R  - SEE ~ O u r l I n N  (t.2;Z) OF F I N A L  RrPORT C t  
C C  C C 
c c r c ~ t c t c c c c c c c c c i c t c t c e t C t c C C c c c c c r c ~ c c c c c c c ~ c ~ c c c C c F ~ c c c ~ c c c c c c c ~ t ~ c c c  

SIIBROUTINC A F C  (@,ANSI  
c ~ ~ Y O N ~ Q E A O ~ ~ P , ~ S U W , X O ~ X N , ~ ~ G F : I ~ , ~ ~ ; R  

~ ~ r ~ C C c r ~ ~ ~ c ~ c c f c r c t c r : c c c C ~ ~ C C c c c ~ c ~ c r c ~ c c c c t C c c c c t c c ~ c c c c c c c c c c c c ~ t c c c c  
C C  CC 
CC USEQ SUPPLIFO L O ~ E P  €NO TE!!PCRATURE A ( R ) :  C C 
C C CC 
~ ~ r c ~ ~ ~ ~ ~ r ~ ~ c ~ r t : r c c c r c c c ~ c ~ ~ ~ ~ ~ ~ : i c ~ i c t c c c c c ~ c ~ c ~ C t ~ ~ ~ ~ ~ t ~ c ~ ~ ~ ~ ~ c ~ ~ ~ ~ c c  

C l L L  HfC(X0,ANS) 
RCTURN 
EIJO 

~ ~ r ~ C C ~ c ~ t ~ ~ c ~ c ~ c ~ ~ i : t r : c ~ c C c ~ ~ ~ ~ ~ ~ t ~ ~ c i c t c c c t c C c c : c r  C C ~ C C C ~ C C C C C C C C C C C C C C  
C c t t 
CC T H I S  SUAS@UTlNE S IJPPL ICS Q A D I  A L   TEMPERA^ URE ~IS~RIBUTICN C C 
CC ON UPPF* END OF CVLIHOEA - SCF' F G U A T I ~ N  Lc(E.E.5) C F  C I N A L  REPORT CC 
C C C c 

F i g ~ r ~  C-:. Computer Code List for Problen P2-! (Cont) 
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aRI(;INAL ,ziix y2 
OF POOR Q U A L I n  

F i g u r e  C-1. Computer Code List for Problem ??- I  (Cone) 

C-8 

I 

~ C r C C C c ~ C ~ ~ ~ c c c c ~ r ~ ~ ~ r ~ c c C c C c c c c ~ c ~ c ~ i c c c c c c c ~ c C c c c C c ~ c c C c c c c c c c c c c C c c c c  
SIJBROUTINE RFC ( @ ( A N S I  
C O M ~ O N / R ~ A O I / P ~ Y S U M ~ X ~ , X H , I ; G R ~ ~ ~ I . ; R  

c ~ r ~ ~ ~ ~ t c c c c c c t c c r c c c e c c c ~ c c c c c c c c c c c c ~ ~ c t c c c ~ c ~ ~ c C ~ ~ i ~ ~ ~ c ~ c c ~ c ~ ~ c ~ ~ ~ c c c  
CC C C 
c c  usEa SUPPLI~. UPPER END TEI !P~RATUQE 8 1 ~ ) ;  cc  
cc  cc  
~ ~ r ~ ~ C ~ ~ c c c ~ c c ~ ~ c r c ~ ~ r r c c c ~ c ~ c c ~ c ~ c c r c ~ ~ c c c c c c ~ c ~ c c c ~ c i c c c c c c c c c c c c c c c c c c  

CALL WFC(XN,ANS) 
RETURN 
END 

~ ~ r c C t ~ c c c ~ c ~ ~ ~ ~ c t ~ ~ c ~ ~ c ~ ~ c c c c c c c c ~ c ~ 1 . c c c c c c t ~ c ~ c c c ~ c ~ c c c c c c c c c c c c c c c c c c  
c !: cc 
cc THIS SUBROUTINE FITS ALSSEL EFRTES TO D b l 4  B Y  L ~ A S T  SQUARES CC 
CC MCTHOO - SEE ~ O l l r t I O ~ 3  (2,2,17) (2 .2 .18)  AND ( 2 . 2 : ~ ~ )  C t  
CC Of F I N A L  REPORT C C 
cc  cc  
c c r c C c c c c c c c c c c c c i c c c r c c c ~ c c c c c c c c ~ c c i c c c c c c c ~ c ~ c c c ~ c ~ ~ c c r c c c c c c c c c ~ c c c c  

SLleROUTINE ~ O F F S ( R , ~ , N R , N C C E ~ , C P € F )  
INTEGER NR,NCOEF 
RFAL F ~ Q ( ~ o O , Y ( ~ O I ) ~ C O E F ( Z O ) ~ H W ( ~ ~ O )  
EXTFRIIAL F 

C C ~ C C C C ~ C C C C C C ~ ~ C ~ C C C ~ ~ C ~ C ~ C C C ~ ~ C C C ~ C ~ C C ~ C C ~ C ~ C C ~ C ~ C C ~ C ~ ~ ~ ~ ~ ~ C ~ C C ~ C C ~ ~ ~ ~  
C C C C 
CC "SER SUPPL.IFO LCAST SOUARES I i ~ T u p 0  POL LO*^ nFRE '0 n E T t a r ! I l l ~  cc 
CC THE COE+FIC1ENTS OF EOUATICNS (2.2.17) AND (2,2:18); TIIE CC 
CC SIIBROUTINE TFLSQ RELOW I S  t n E  I M S L  LEAST SQUARES FUNCTIO!I CC 
CC F I T  ROUTINE CC 
CC cc  
~ ~ r C ~ ~ ~ ~ ~ ~ ~ ~ c c r c ~ t ~ c c ~ c ~ c ~ c ~ c c ~ : c ~ c c c ~ c t c c c c c C c C c ~ C C c ~ ~ c c ~ c c c c c ~ c c ~ ~ c c c c  

CALL I F L ~ O ( F ~ R ~ ~ ~ N R ~ C ~ E F ~ ' J C O ~ C , U I : ~  1ER) 
I F I I E R ~ ~ ~ . ~ ~ ~ . G Q . I E ~ . E O ~ ~ ~ ~ ) ~ ~ R ~ T ~ ( ~ ~ ~ O )  

4 0  FORMrT( fhH TERMINAL ERROR I N  LEAST SQUARES ~ F ~ t f n C , S u 9 R T U T I v ! ~  CUFFS 
1 )  

RETURN 
END 

ccrct~cccccccccccrctcccccccccccccccccktcccccc~crcc~~ci~ccccccccccc~~cccc 
CC C c 
CC t n l f  FUNcTfnN EVALUATES THE Z E R ~  ORDEQ RFSSEL F I I ~ : C T ~ O N  cc  
CC DENOTED I N  NCTATION NI?-1 (III) - SEE c T ~ A L  REPORT C 
c c C C 
~ ~ r ~ C ~ ~ r c ~ c c ~ c e c c r c c c c c c c ~ c c c c c c c c c c c k c t c t c c c ~ c ~ c c c ~ c ~ c c c c c c c c c c c c c c c c c c  

REAL F U N t T I f l N  F(N,R) 
COHMCN/CI/RI APO(ZO)*JI(Z'J)#J~LA~(~O) 
~ ~ R L A ~ O ( N ) * R  - 
CALL J o C X ~ Y )  
F s Y  
RCTURN 
END 

C C ~ C ~ C C ~ C ~ ~ C ~ C C ~ ~ ~ ~ C ~ ~ ~ ~ ~ C ~ C C C C C ~ C C ~ C ~ C C ~ C C ~ C C C C ~ C ~ C ~ ~ C ~ ~ ~ C ~ ~ ~ ~ ~ C ~ C C C ~ ~ ~  
CC CC I 
cc  THIS SUBROUTINE COMPUTES THC Jn B E S ~ E L  F U ~ C T ~ O N  Y S J O ( X )  cc  
CC C t  
~ c r C C t ~ ~ ~ t ~ ~ c c c c ~ l c c c r : ~ c ~ C c c c c c c ~ c ~ r ~ ~ ~ t c c c c c ~ c C c c r c c ~ c c c c c c c c c c c c : c c c c c  

SUBROUttNL .!O ( X ,  I )  
~ ~ r ~ C ~ ~ ~ c ~ c c c c t c c c ~ ~ ~ ~ ~ c c ~ c ~ ~ ~ c c ~ c ~ c c i t c c c c c c ~ c ~ c c c ~ c ~ c c c ~ c c c c c c c c c c c c c c  
cc  C C 
cc  USER SUPPL~FD JO FU~CTIOM PLACEn HERE. IN T M ~ S  FXAMPLF, TMC C C 
cc  IUSL B E S ~ E L  CUNCTION MnesJn IS TLLUSTRATED cc  
CC CC 
c ~ r ~ C ~ ~ ~ c c c ~ c ~ c c ~ t c c c t c c c ~ t ~ ~ ~ ~ c c ~ ~ c c ~ ~ ~ c c ~ c c ~ c ~ c c t ~ c i ~ c c c c c c c c c c c c ~ c c c c  

REAL nnenfo 
rmHn6SJO(X, tERl  
RETURN 
END 

~ C r C C C C ~ ~ C C ~ ~ ~ c ~ c r c t c ~ c c c C c t C ~ c c ~ ~ c ~ ~ i ~ ~ c c ~ r c C c ~ c c r ~ c i ~ c c r c c c c c c c c c c c c c t  

J 
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i 

c C C C 
CC S~JBR~~~TINE FOP SOLV!NG A SYSTFM CF LIN€AQ S I ~ ( ~ L ? A N E ~ U S  C C 
CC EOUATXONS H 4 V I N C  A TRIDIACCIYAL ~ C E F F I C I E N T  ~ ~ T n i x ,  n I A C O t l A L S  cc 
cc ARE STORED IN TYE A R R A Y S  A, t, *;ID C. THF C ~ H P L ' T C D  c c 
L C  S n L U T I O N  VErTOR V ( 1 )  r , . v ( L )  I S  STOREO I N  T t t r  ARRAY V ,  C C  
C C CC 
~ ~ r C C C ~ c c ~ c ~ c ~ r ~ ~ r c ~ c c c c ~ ~ ~ ~ t ~ c ~ c ~ ~ t c i c c c c c ~ c C c ~ c ~ c ~ c ~ ~ c c c c c c c c c c c c ~ c c c c  

Sl lBROUTINE TRIOA(;(L 
C ~ H ~ O t ~ / ~ 2 0 l r ( s o n ~ ~ e ( 5 ~ O ) ~ C ( S O d ! , G ( s n 0 ) , V ( S 0 o ~ ~ 0 j t ~ ~ s o 5 ] , ~ ~ r ~ r ~ ( 5 n ~ )  
R F T r ( i ) x R ( l r  
G A H r A ( l l x D ( l ) / B F T A ( l )  
I F P  l ri! 
00 1 I z I F P 1 . L  

~ E T A ~ I ~ ~ ~ ~ I ) - ~ ~ ~ ~ * ~ ~ I - ~ ~ ~ ~ C T A ~ I - ~ ~  
~ A ~ M A ( ~ ) ~ ~ O ( I ) - A ( ~ ) * C A ~ ~ A ( ~ - ~ ~ ) / B E ~ A ( I )  

1 CnNTI!JUE 
V ~ L ) : C A M M A ( I  oR:GR1dt PJ,~E g 
L A S T = L - l  
0 0  2 K = I , L A s T  OF POaR QQALj-M 
I =L - K  
V ~ I ) = G A U H A ~ ~ ) - C ( I ) * ~ ( I + I ) / G F T ~ ( I I  

2 C n H T I N U E  
RFTI IRN 
EhlO 

c c r ~ C ~ c ~ C ~ ~ c ~ c c c c ~ c l c c ~ ~ C c ~ ~ ~ ~ ~ ~ ~ ~ ~ c i ~ c c c c c c ~ c ~ c c ~ ~ c ~ ~ c ~ r c c ~ c ~ ~ ~ c ~ ~ c c c c  
C c c c 
CC T H I S  SUBROUTINL E S T I M A ~ E S  I,ATER~L S U R r r C E  TCMPEcATUaE C C  
CC 0Y [ IS€  OF C l l g f C  S P L I N E  I F  THC IJ-Ea S U p p L t E S  A D ~ S C R F T E  SCT nF cc 
CC LITFRAL JURFACE TEMPERATURCS, C C 
C C cc  
C C ~ C C C C ~ C C C C ~ C ~ C C ~ C ~ ~ C C C ~ C ~ C C C C C C C C C C ~ ~ ~ ~ ~ ~ ~ ~ C ~ C ~ ~ ~ C ~ ~ C ~ ~ ~ C ~ ~ C C C C ~ C C C ~ ~ ~  

SlJBROUTIHE S P L I N E ( X I N T , Y I b J T )  
C O ~ H O N / C ~ ~ / X O ( ~ O ~ ) , ~ D ( ~ O O ~ ~ C ~ ( U , ~ O O ) ~ ~  
D I H E N S I O N  C l o t  1 0 0 )  
E O U I V A L E N C E ~ C I ( ~ , ~ ) I C ( ~ ~ ~ ) )  
I F ( X I ~ ~ ~ ~ X O ( ~ ) I Z I I , Z  

1 Yf tdTaYD ( 1  1 
RETURN 

2 K.1 
3 I F ( X I N T - X D ( K * ~ ) ) ~ ~ U ~ S  
4 I Y N T r Y D ( K + l )  

RETURN 
5 K X K * l  

IF((M-IO,GT;O) c a r 0 3  
IF((M-IO,LE,O) K r w - 1  

6 Y I N ~ ~ ( X D ( K * ~ ) - X ~ N ~ ) * ~ ~ ( ~ # ~ ( ) * ( I ~ ~ K + ~ ) - X I N T ) * * ? * ~ ~ ~ , K ) )  
Y ~ N T ~ Y I Y T * ( ~ I N T - ~ D ( ~ ) ) * ~ ~ ~ ~ I ~ : ~ ~ ~ X ~ N ~ - X O ~ K ~ ] * * ~ ~ ~ ( ~ ~ K ) ~  
RFTURN 
EN0 

~ ~ r C C ~ C ~ ~ ~ C ~ c c t c ~ ~ t t c t ~ ~ ~ C ~ ~ C ~ ~ c ~ ~ ~ t c i c c c c c c c ~ c ~ c c c ~ c ~ ~ c c c c c c c c c c c ~ ~ c c c c  
cc  CC 
CC F I N O  THE SP, . INE CURVE F I T  C O C F F ~ ~ I E N T S ,  FOR IJSE I N  cOHJUtlCaTON CC 
cc w l f r  SU~KJUTINE SPLINE. c c 
CC I N P I I T S  - C c  
CC M r NO, 01 D A T A  P A I R S  C C 
Ct Xn a A ~ R A Y  OC X ( A B C I S S A )  V A L ~ I F S  C c  
CC r n  t A U R A Y  OF v (OROINATEQ) VAIUES CC 
CC OlJTPUTS r CC 
CC C a 2-ll I Q R A Y  OF S P L I N E  f r ?  C P C ~ F I C ~ E N T S  f a  CnCFFTClCNTS CC 
C C PER T R I P L E T  Of DATA  POINT^). CC 
c c c c 
~ ~ r ~ C ~ ~ c ~ ~ ~ ~ ~ ~ e ~ ~ k c c c ~ c ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ c c i c c c c ~ c c ~ c ~ c c c ~ c ~ ~ c c c ~ c c c c c c c ~ ~ c c c c  

S ~ J B R O U T I N C  COFCFN 
~ o M ~ ~ N ~ c ? ~ ~ x o ( I ~ o ) , Y D ~ ~ ~ o ~ , ~ ; ~ ~ , ~ J ~ ~ , M  
O I H E N S I O N  C f 4 r l f i O )  
D ~ M E N S I O N  P t l o O ) r E C l o ~ ) r r ( ; o Q , s ~ , e ~ ~ o n ) r 2 ( ~ n n ) , ~ ( l o ~ ~  
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Figure C-1. Cornpurer Cade L i s t  for Problem P2-1  (Cont) 



C.3 COMPUTER CODE LIST FOR PROBLEMS PI-1 and Pl-2 

The computer code for Problems P1-1 and Pl-2 is l i s t e d  i n  Sigure C - 2 .  
Before using t h i s  code, the user should review the remarks made at  the end of 
Appendix A.  3 .  



-. rlgure C-2. Computer Code List for Problems P1-1 and PI-2 

. 

. ORIGINAL PAGE $3 
OF POOR QUALITY 

C C ~ L L L L L . ~ L L L ~ L ~ . ~ L ~ L L L L L ~ ~ . C C C C K C C C C C C C ~ C C C C C C C C C C C C C C C ~ C C C ~ C C C C C C C ~ C C C C ~ ~  
CC 
cc  p l n n n r n  PURPONE- 

C C 
c c 

CC Cflt4CUTC THC UPPCR AND LOWER RCG;ONS S l l l f  ACE E O H ~ R O L  FlJ l 'Ct ICNS Cc 
CC 311CH THAT F I A T  SOLID-PELT XNTERFACES r R t  A t H l e V € O  AS FrRt IULrTED CC 
CC I N  PRb0LEYS P l - 1  AND @I-Z flC F IWAL REPORT (10 t4rSA) THC C0t:TROL Cc 
CC OF FLOAT ZONE INTF@FACIS 0 1  THC l l a E  OF S C L ~ C T E ~  B~UNDIRY c c 
CC CnNntT IONS-  0 1  SCI tNCC A P P L I C A T ~ Q N S ,  INC. 
CC SOURCE- 

c c 
. - C C 

CC SCIFNCC A P P ~ . I C A ? I O N S ,  INC, CC 
CC n~ lNTSVIL I .E ,  ALAAAMA 
CC AUTHORS- 

C c 
c c 

CC LARRY n. FOSTER C C 
CC JOHNMCINTOSH C C 
cc R~FFRFNCE- c c 
CC - THE CONTRnL OF FLOAT ZONE INTFCFACES BY THE USE OF SCLECtFO cc 
CC ~ O U N O A R ~  CONOITTONS - CC 
Cc ( F I N A L  RFPORT - SAI "83 /50SP+) iU ]  C C 
CC SCIENCE A P P I . I c A T I ~ N S  
CC REMARKS- 

cc  
c c 

CC - SnFTW4Rr nEVEI.OPED AND TCSTCD ON coc 7 6 0 0 / h u 0 6  CC 
DD UNIVAC 1 t o e  Ct 
CC - ALL EPIIA'ITONS REFERENCED 11. CnDE BELOW ARE C O ~ ~ A I U E O  I t 1  THE C C  
CC F I N A L  REPORT- 
CC 

CC - THE C ~ N T R ~ L  Of FLOAT TONE INTERFACES i~ THE USE @C CC 
C C 3ELFCTED SOUNDARY COl;0I?IONS C t  
CC INPtJ?  VARIABLFS AND FUNCTIONS- C C 
Cc p - PECLCT NUMOCR 
CC *SUM 

CC - NUMnER OF TERMS TN SERIC~ E x P A N S ~ Q N  O F  C C 
C C TEMPERATURE OISTR~~UTION ( T H ~ - D F S I V E D  sOLCTIO~!)  cc  
cc x a  - 4 x 1 ~ ~  POSITIOI; OF LOWER END OF C~LINOER cc  
CC XN - A X I A L  POSITIO l ;  O r  UPPER END OF C v L I k o f R  CC 
CC NGRID - NUMBER Of G R I D  PPZNTS USLO I N  N U r C R I c A L  C C 
C C SOLUTION OF 0, 0; F. BOUNO~UY V r L U r  PRoALCM C C 
C C RESULTTNC FROH T R A N S F O R M A T ~ O ~  OF P.;C THE YODLLIHC CC 
C c TLMPERATURC C C 
CC NR - NUPBER O I V I S 1 0 N 3  CF CYLI~OER R A O ~ U S  usco IN C C 
C C OUTPUT Of TE~PCRATIIRE 0 1 3 1  RIBuTIO~I C C 
CC RUS - SOLID THERMAL cO~OUCTIVI~Y 
cc  RKL - LI~UID THLRlfAL CPNDUCT~VITY 

c c 
'CC 

CC RL r PRnDUCT O f  CRYSTAL CROwtM R A T t r  s O L 1 n  D C N S I g ~ r  CC 
CC  NO LATENT HEIT OF FUSION C C 
CC IHFC - 1 1F A D t S c n c T ~  ~ A T A  P n l N T  FORM n F  T w t  SURFACE cc 
C C T E ~ P ~ R A T U R C  I S  USEP PRdVTOE0 c e 
C C o I? A USER OECINEp FUNCT:ONAL CORM 01 THE C C 
C C SURFACE TEMPERATURF 1 9  P Q O V ~ D E D  C C 
CC (XO,YO) - USER PROVfOED DATA PTS FOR THE AYIAL D I t T A N C t  CC 
CC ( X D I  AND C O R R C S ~ O N ~ I N G  SIJR~ACE T E I ~ ~ E R A T U R C  (VD) CC 
cc m - NUMBER OF D A T A  PTS, INPUT IF rnpc 8 1 c c 
C C SET TO b IF I t tCC = 0 CC 
CC M l C  - USER PROVIDED [IF IHCC m 0 1  S U A F ~ C E  TtWfERA?URE cc  
CC FUNCTION C C 
cc  CASE LIWXTS - T H T S  p a o t ~ r t f  CENFGATCS THC SURIAZE C ~ N T P O L  cc 
CC FUNCTIONS FOR v ~ n 1 n U S  C O N B I N A T T ~ M S ~ C F  TMC INOCX cc 

b 



cc  
CC 
c c r c  

i I n I T s  MTERM L N G  IMYS (SCE c O .  fn.i.19) - (0.0.251 cc  
O f  F I N A L  REPORT) ,  TO D L F l N E  THESE ~ ~ M R T N A T I O N J  cc  

WINTERM - T r E  MINIMUM ALI.OI:eC V A L U C  I IC 

FUNCT 

FUNCT 
' 3  A.3 
F OlJND 

YON I S  TO I F :  
b AT I T S  
;N SUIRLUT:UE 

CLIP z - ~ S E R  S U P P L I E D  VAI UE OF WU~IFIFD S U R F A C E  CONTQOL 
F U N C T I O N  ( S E E  A P P E N D I X  ~ ; 5  FOR DEF~J,) 

OUTPUT VARTARI FS-  - --. --  
T W C D  T E ~ P L R A T U R F  O ~ S T ~ ~ B U T I O N  A R R A Y  FnR E A C H  R E G ~ Q N  - SEE S U R R C U T I N E  MFLT OF COOF 
GRAD2 - MELT ZONE L C w f R  rr :TEQF&CE R R A D I E t j T  
GRAD3 - MELT ZONE UPPER ~ K T E R I A C E  G R A D I E ~ T  
CRAOXO * TNERHAL G R A D I C N T  A T  x o  FOR E A C ~  aCG1f lN 
GRAnXN - T H c R ~ A L  GRAO!CNT* AT XN FOR t A C H  REGTON 
C ~ E F  . 4 f f R ~ Y  OF c o t r r r c r ~ ~ r s  v SOLIE ~FCIONS ZURFACE 

CONTROL. ( S E E  F ~ U A + I O N S  t f .O .23 )  AGO (3 .0 .311 ) 
E R R L Z  - THE L 2  R E L A T I V E  n I F F E R E N C E  B E T ~ E F ~ ;  T n E  fEOU;RED 

301.10 R E G I O N S  I I , T E o F A C F  C R A O I E N T S  ;>o THC 
I N T E R F A C E  G R A O I C ~ T Y  QFSULT ING FROM ( H E  U S F  O r  
THI! S O L I D  R E G I O I I S  3VRFACt: CONTROL ~ U N C T I O ~ : ~ ,  

USER SUPPLIED n r r n H ~ T 1 c A L  S O F T \ ~ A R F -  - A L E A S T  Sf2UARCS ALGnRfTHI !  F I T  A FUNCTION T n  A L r N C A R  ' 

c I ? M e I ~ l ~ f f o N  O f  SELECTED FU l lCTT f l r rS  ( Q E o U I Q E D  IN ~ U ~ R O U T ~ N E  
COEPS,) 

b t. * AN ALGCRITHM 10 E V A L U A T E  R C S S f L  F U N C T I O N S  ( R E o U I R F O  IN 
S ~ B R O U T  I NC .10 ) 

CC - A N U M E R I C A L  I V T E C R A T I O N  R O U T I u E  (aE0UlfiE0 XN $ U B R n U T I N E S  cc  
I N T E G L 1  AND I N T C G L Z )  

c C  
CC 

Figure C-2. Computer Code List for Problems 

P1-1 and P1-2 (Cont) 
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ORIGINAL P',*", EZ 
OF POOR QUALITIC 



Zlgure C-2.  Computer Code List f o r  Problems 

P1-1 and P1-2 (Cone) 

- - -  c c CC 
CC C f l n P u T ~  t n c a n r ~  ~ r r ~ a I ~ u l 1 n u   AN^ I N T E R C ~ C E  C R A D ~ E N T S  FPR c C 
CC MELT ZON(I C C 
cc CC 
~ C r C C C ~ f C ~ C ~ c ~ 6 c c r c ~ c r : c ~ c C c C C C ~ c ~ ~ c ~ c r c c c c c ~ c C c ~ c ~ C C c i ~ c c c c c ~ ~ ~ ~ ~ c ~ C ~ c c c  

If LACZI l 
I F L A C S r  1 
I C A S E a l  
W R I T t ( b # q 8 3 )  

083  F ~ R M A T ( ~ H I ~ S U X , ! ~ H M  E L Z n N E )  
CALL I N P l l T  
CALL n F c ( w o , r w s j  
TpELT(218ANS 

d#IGINAL PAGE 1s 
CALL UFC(XK,ANS) OF POOR Q U ~ ~ ~  
T M E L T ( ~ ] S A N S  
CALL MELT 

c t r t C t C f  C C C C C C ~ C C ~ C C C ~ ~ C C C C C C C C C C C C ~ ~ ~ : ~ ~ ~ ~ C ~ ~ C ~ C ~ C C C ~ ~ C ~ ~ ~ C ~ C C C C C ~ C C C ~ ~ ~  
C C CC 
CC USING THE LnWER SOLID REGrCN S I I D F A C E  CONTROL FU;CTIIIN, C O M ~ U T E  CC 
CC THE LOWER S n L I D  REGION THERMAL o I S T R I R U ~ ~ O N  AN3 I N T F R F A C E  C C 
C C  GRADIENT, C C 
CC CC 
C C ~ C C ~ C ~ C C C C ~ C C C C ~ C C ~ C C C C C C C C C C C C C C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C ~ C ~ C C C ~ ~ C ~ C ~ C C C C C : C ~ C C C C ~ ~  

IHFCxO 
ICASE.2 
W ~ I T t ( b # 5 0 )  

3 0  F ~ R M A T ( ~ H I , ~ Z X , Z ~ ~ L  o n E n s a L r D )  
CALL INPI IT  
DO 21 MTER ~ U I N T E R M ~ M A X T E R I : , D F L T E R M  
M T E R M ~ M A X T E R M + M T N T E R M - M T E R  
00 22 NSV . U I N N S V S , ~ A X N ~ Y ~ , D C L N ~ ? S  
N S Y S s M A X N S Y 3 + M I N N S V S l N S r  
NNaMTERM+Z 
I ~ ( Y N , L ~ , N S V S ) G O  TO 2 2  
CALL S O L I D 2  
I F ( ~ O P T I ~ ~ N . F O . O )  GOT070 
CALL L I N S R C H l X M l N )  
CALL FUNC(XMIN,GMXN) 
I F ( ~ M I N , ~ T , ~ , ~ , A N D , G ~ I ~ , L E . O , O ~  CnTnOn 
x~rN. loonoo:o 

90 XwIN.v:4=XMIN 
7 0  CnNTINUE 

CALL MELT 
~ C ~ C C C C C C C C C C C ~ C C ~ C ~ C C ~ C C ~ C C C C C C C C C ~ ~ ~ C C ~ ~ C ~ ~ C ~ C ~ ~ ~ C C ~ C ~ ~ ~ C ~ C C C C C ~ C C C C ~ ~  
cc c c 
CC Of TERMINF R ~ L A T I V ~  0IrFERFt:CC RFTnCEN REOllIREO ~ ' O Y C R  S r L I O  CC 
CC RFGION INTER?ACE GRAOICNT AN6 TuE IMTcR~ACE C R A ~ I E N T  QCSULfING CC 
Cc FROM USE ai: THE LOWER S O L I D  RFGTON SURFACE CnutwOL ~ U ~ c l t O f l  c C 
ce  cc  
~ c r ~ C C c r ~ c ~ c c c ~ c ~ C ~ c ~ c c c c ~ ~ C C C C c c c ~ c c ~ ~ c c c c c c C c ~ c c c C c i c c c c c c c c c c c c ~ C c c c c  

CALL ERRC)R 
n R I T E ( b r 7 8 9 1  MTfRM#NSYS 

TOP F O R M A T ( / / , ~ H  ,sox,IZMFOR MTERM rlZ,taM AND NSGS . # 1 2 ,  
1 2  CflNTINUE 
2 1  CnNTXNuE 
C C ~ C C ~ C C C : C C C C C C C ~ C ~ C C ~ C C C C C C C C C C C C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C ~ C ~ ~ ~ C ~ ~ C ~ ~ ~ C ~ C C C C C ~ C C C C ~ C  
CC CC 
cc  USING THE UPPER SOLID R c t I n ~  SIIOCACE CONTROL F u r j c w r n ~ ,  COMPUTE cc  
CC 1% UPPER S n L f D  RFCION THERMAL ~ISTQIRU~~ON AND INYfRFACE Cc 
CC GRADIENT, CC 
cc c e 
C C ~ C C C C C C C C C C C C C C ~ C C C C C C C C C C C C C C C C C C C ~ ~ ~ ~ ~ C ~ ~ C ~ C ~ C C C C ~ C C C ~ C C C C C C C ~ C C C C C C  

ICASL.3 
M R I T E ( b # l O )  

10 ~ ~ R M A T ( I H ~ , ~ ~ Y I E Z M U  P P E R 3 0 L 0 )  
CALL INPI IT  

2 



N S Y S ~ M A X N S Y S + V I N N S Y S ~  
N N a M f E R M 4 2  
r r ( r ~ N . ~ T , ~ ~ v s ) c n  10 5 2  
C A L L  S O L I D 3  

ORIGlT\ikL PACE [% 
OF POOR QUALITY 

C A L L  MELT 
C C ~ C C ~ C C C C C C C C ~ ~ C ~ ~ ~ ~ ~ ~ C C C C C C C C C C C C ~ C ~ ~ C ~ ~ C ~ ~ C ~ C ~ ~ ~ C C ~ C C C ~ C ~ C C ~ ~ ~ ~ C C ~ ~ ~ ~  
CC CC 
cc  DCTLRHIN~ R F L A T I V F  DTfFCREt iCC f l ~ 7 w ~ ~ ~  r lEOU1RFD IIFPER S r L I D  C C 
CC R F C I O N  I N T E R F ~ C F  CRAOXENT AN0 THC INTERFAC~ C R A ~ ~ E N Y  R C S U L T I N C  CC 
CC FROM USE OF THE UPPER SOLID GECTON SURFACE CONTt?OL fUNCTfO l :  CC 
C c C C 
C C ~ C C C C ~ C ~ C C C C ~ C ~ ~ ~ ~ ~ ~ C C ~ C ~ C C C C C C C C C ~ ~ . ~ C ~ ~ ~ ~ ~ C ~ C ~ C ~ C C ~ C ~ ~ ~ ~ ~ ~ ~ C C ~ ~ C C C ~ ~ ~  

C A L L  ERRnR 
UPItf (6, t 2 0 l n ' f ~ R n , N S r S  

( 2 0  F c l R U ~ l ( / ! , l u  , 5 0 X 0 1 Z n F O R  MTERM a ,12,!ZM *kJ N S ~ S  a  r I Z 1  
32 C P N T I H U E  
31 CONTINUE 

STOP 
END 
S l IBR0UT1 t rE  r E L T  

C  
C  

REAL  J l 0 . l l ~ ~ n , U M g S J O  
CO~MON/CI /RI  AwDf2O)rJl(?@),JlL~r(Zo) 
C c l ~ n O t 4 / C ! o / r S C R t P ( Z O ) , B S C R I P ( W  
C ~ M M O N / R F A D I  / P , U T E R ~ , ~ S U W I X O ~ X ~ ~ , ~ G R I D , ~ C ~  
C ~ ~ ~ O N / ~ ~ / R ~ ~ O ~ ) ~ P S ~ ~ ~ O ~ ~ O ~ ~ ~ S Q ~ ~ ~ : ~ ~ )  
C ~ ~ ~ O N / C Z O / ~ ( ~ O ~ ) ~ B ( S ~ O ~ I C ( ~ ~ O ~ ~ Q ~ ~ ~ O ~ ~ ~ ~ ~ O ~ ~ ~ ~ ~ ~ A ~ ~ O ~ ) ~ G A ~ ~ M A ~ ~ O ~ )  
C ~ ~ ~ ~ ~ / C ; ! ~ / T H E T ! ~ ( ~ ~ ~ ~ ~ ~ ~ ~ T ~ ~ C D ~ ~ O I I ~ T ( ~ O I ~ ~ R ~ ~ Y ~ ~ ( I ~ ~ ~ , ~ R A ~ X O ( ~ I ! ~ )  
C O H ~ O N / C Z ~ / T C A S ~ , T ~ E L ~ ( ~ ]  
C ~ ~ ~ O N / C ~ ~ / ~ R A O ~ ( ~ ~ ~ ) ~ ~ ~ A O ~ ~ ~ O ~ ~  
C H A R A C l E R * 1 7  R r S , A L P H A ( b )  
CYASACTER*IR $TARSI~TAR(L )  
DATA R I S / ' R a  ' / , ~ T A R S / ~ * * * * * . . * * . . S ~ * ~ * ~ I /  
0 0  2 0 7  L m l , ~  
A L P ~ L ( L I s R I S  
S T A R ( L I = S T A R S  

P O 7  Cc lNT INUE 
~ ~ r ~ ~ ~ ~ : i c c c ~ ~ t ~ c ~ c c c ~ c ~ c ~ c ~ ~ c ~ ~ ~ c ~ c ~ ~ i c c c c ~ c ~ c ~ c c c ~ c ~ ~ c c c c c ~ ~ c ~ c c ~ ~ c c c c  
ce  c e 
CC RLAMD(u)sROOT OF JO RESSEL  f C N  C C  
CC J ~ ( H ) . J ~ ( R L A w D ( M I )  J1 I S  n C s S € L  F C N  C c  
CC J ~ L A ~ ( M ) s J ~ ~ M ) / ~ L A M O ( M )  c C  

- .  
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ORIGINAL PAGE 181 
OF POOR QUALITY 

a 

RLAMO(12)~3h.Ql70QR5537 
R L A n 0 ( 1 3 I a Y ~ . O 5 4 ~ 2 5 7 h ~ b  
RLA~0(14)841.19q7ql7132 
Rl.AnO( 1S )84~ .3011~83717  
RLAYO(1bIa0Q.ubtb098Q7U 
RL A~o(17!aS?lb240S18U~ 1 
Rl.AMO( lb~855,7b551d7550 
~ ~ ~ ~ 0 ( 1 * ) a ~ n , o o h q a 3 8 2 6 1  
RLAMDCZ0)~62.04f i46qlonZ 
J t (  1 ) 8 0 , s i ~ i o 7 u q 7 3  
~ 1 (  2)8-n.SnozbosnbS 
JI( 3 ) ~ 0 , 2 7 q a s 2 ~ q 9 ~  
J1 (  U ) ~ ~ n e 2 t ~ P S Q b S 1 4  
J1( 5).0,20k5~64S31 
J i (  b )~-n . ia772ne030 
J l (  7)=Oml7t2bSnq42 
J l (  8)8-fl. lh1701550' 
41( 9)~0,15?1812138 
J ~ ( 1 O ) a - f i , l ~ l l h S P 7 7 ~  
J l ( l l ) + 0 . 1 3 7 2 9 6 ~ 4 3 u  
j1(12)=-fl.1115246267 
~ 1 ( 1 3 ) ~ 0 , l Z h O b 0 4 ~ ~ 1  
J l ( l U ) * - n . 1 2 1 3 9 ~ 6 2 ~ ~  
J t ( I S ) + 0 , 1 l 7 2 1 1 1 9 0 ~  
J l ( l b ) = - f l , l t 3 0 2 Q 1 ~ 2 6  
~ 1 ( 1 7 ) ~ ~ , 1 0 0 9 9 1 ~ 4 ~ ~  
J1(18)8-d . ln68~78885 
Jl(lq).0,101959T729 
Ji(ZO)t-n,1012030Q89 
on 55s 181,?0 

J l L A M ~ r ) 8 , l l f ~ l / R L ~ * ~ ( I )  
Sf iJ1( I )sJ1(1) *51(1)  

255 CnNTI'JUE 
~ C r C ~ ~ ~ C ~ c ~ ~ c c t c c r c c c c c c c C c C c ~ c c c c ~ r c r c c c c ~ c c C c ~ c ~ ~ C ~ i ~ c c c ~ c c ~ c ~ ~ ~ C ~ ~ ~ c c  
c c C C 
C C  CINn COEFS FOR RESSEL EXPAt;SI@t49 n~ A ( R ) - A ( ~ )  A<O B(R) -B( l ]  C C  
cc  S F E E O U A T ~ O H S  (2.2.17) AND ( 2 . 2 : i o ) o r ~ r ~ ~ ~ R ~ ~ f l ~ ~  cc  
C C C C  
c C r C C ~ c r C c ~ ~ ~ ~ ~ ~ c r c c ~ r : c c t C c C c C ~ ~ c ~ C ~ ~ i : i : c c c c c c ~ c c c c c C c ~ c c c c c c c c c c c c c C c c c c  

CALL AFCCl.flrrOF1) 
CALL BFcrl.n,BOrl) 
on 20 1.10101 

R ~ 1 ) a ~ X - 1 ~ * 0 . 0 1  
RnOLomRiIr 
CALL A f t  ( R H O L ~ ~ A N ~ )  
A ( 1 ) r ~ N s - r O F l  
CALL ~ F C ( P ~ O L ~ ~ A N S )  
B(Il8ANS-AOFl 

20 CflNTINUE 
CALL COEFS(A,A~ ~olr2O0ASCR1P) 
C A L L  C ~ C F S ( R , B , ~ O ~ , ~ O ~ B S C R I P ~  

~ c r ~ ~ c ~ t c c c ~ ~ c c c c ~ c c ~ c c ~ ~ c c ~ c c ~ ~ c c ~ ~ c r : t c c c c c c ~ c c c c c c c ~ c c c c c c c c c c c c c c c c c c  
C C  C C 
c c  SnLvc FOR TUCTA B A R  OF EQUATIONS (2.2;iQ) or SO~'VING TI~C C C 
c c  TRID~AGONAI. SYSTEM (2.2.10) m SFE FTNAL REPORT Cc 
cc  C C 
C C ~ C C C C C C C C ~ ~ ~ ~ ~ ~ ~ C ~ ~ I : ~ ~ C C ~ C C C C C C C G ~ ~ ~ C ~ ~ C C ~ ~ C ~ C C C ~ C C ~ C ~ ~ ~ C ~ ~ C C C C ~ C C C C ~ ~  

OX8(XN-Xn)/NGRlD 
OX28OX*OX 
LmNcRID-I 
Dn 554 r~I,Msuw 

on 40 f 8 l r L  
A(7'8l,p*OX+P/213 
B ( I ) ~ - Z , O - D X Z * R L A ~ O ( M > I I ) L A M ~ ( ~ )  
C(I181*f i-OX*P~2.0 

x m x n + x * o x  

, 

Figure C-2. Computer Code List for Problems 
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CALL C O A R ( M ~ X ~ A N S )  
O(;)SOX?*ANS 

4 0  CnNTIU l lE  
D ( ~ ~ ~ o ( ! ) ~ ( ~ , o + ~ x * P / z ~ ~ ~ ~ A G c R ~ F ~ I ~ ~ * s R J ~ ( H ~ * o , ~  
D ( L ) ~ ~ ~ L ) . ( ~ . o - ~ ~ * P ~ ~ ~ ~ ~ ~ o S C R T ~ ~ ~ ~ * ~ O J I ~ M ~ * O . ~  

CALL T R r n r C f C )  
On 5 0  I s Z I N t R 1 0  

1111-1 
THETAR(M, I )aV(T I )  

5 0  CPNTIYl lE 
NSTOP*NGRTD+I 
THETAB(M, 1 ) ~ A ~ c R I P ( M ) * S O J ~  ( ~ ) 3 2 . 0  
THETAB(~,NSTOPI~RSC~~IP(~I*~O,I~(M)/Z,O 

- 5 6  CnNTINUL 
~ n t n v w  

0 9 9  CnNTINUE 
OR=1 *O/YR 
N R S T O P ~ Y A * ~  ORIG~N/~T.  p;lc~ :2 
On 6 0  I * l r N R S T O P  

R ( I ) = ( l - l I * D R  OF POOR QUALfW 
on t,s nt i ,nsur 
V A R a R ( I J * R L b M O ( ~ )  
CALL J n ( V b R , Y  I 
P s r ( n , Y ) x v  

o 5 CflNTINIIE 
0 0  CnNTIVUE 
C 
~ ~ r ~ t t ~ r c ~ ~ c c ~ t ~ ~ r c c c r : c t c ~ c ~ c ~ c ~ c ~ ~ c c F . 1 c c c c c c ~ c ~ ~ ~ ~ ~ ~ ~ ~ c ~ r ~ c ~ ~ ~ ~ ~ c ~ ~ ~ ~ c c  
CC CC 
cc  PRINT T E ~ P E R A T U R E S  c c 
CC CC 
C ~ ~ ~ C C C ~ ~ C C C C ~ ~ ~ C ~ ~ C C ~ ~ ~ ~ C ~ C ~ C C C C ~ C ~ ~ ~ C ~ ~ ~ ~ ~ ~ C ~ C ~ C ~ C C ~ C C C ~ C C C C C C C ~ C C C C C C  

Gn TO (2 ! ,2? ,23 )  ICASE 
? I  M R I T E ( b r Q 6 3 3  

0 8 3  F ~ R M A T ( ~ H ~ , ~ L I x , I ~ Y *  E L  1 fl N € 1  
tntnza 

22 YRITE(b ,30)  
~ O F ~ A M A T ( ~ H ~ , ~ Z ~ , Z Z M L O ~ E ~  * o L r o )  

G m n z o  
2 5  w n I T E t b t i a )  
1 0  F ~ R W A T ( ~ H ~ , ~ ~ X , ~ ~ ~ U  p P E R 9 0 L I 0 )  
2 4  CQNTIYJUE 

* R I T E ( b r 7 0 )  
T O  F O R M A T ( ~ H  , a 5 x , ~ g ~ ~  E n P E z A ?  u R E o 1 s T R I B u T I n N - ) . - 

IFLAC.0 
MRIGHTsb 
MLEFT.1 

18n  CONTINUE 
I F ( N R S T O P , ~ ~ , P R ~ C M T ) I ~ L A C ~ ~  
M R I C H T ~ M I N O ( N R S T O P , M R I G H ~ )  
~ R ~ T E ( ~ , ~ ~ O ) ( R ( J ) , J ~ ~ L E ? T , ~ ~ R I G H ? )  

( 9 0  t O R M b T ( / / / / / , l n  , 1 7 X 1 b ( F 1 2 . b r 5 X ~ !  
w R I T C ( b r 2 b 7 ) '  ( A L C ~ A ( L ) , L ~ ~ , * R T ~ ~ ~ )  

? b 7  C ~ A M A T ( ~ H + , ~ ~ X , ~ A ~ ~ )  
WRITE(b,zb81 ~ S T A ~ ( L ) # L ~ ~ # ~ : R ~ G H ? )  

? b e  F ~ R ~ A T ( ~ H O , ! ~ X , ~ A ~ T )  
on 2 0 0  I * ~ # N $ T C ?  
I S K I P - 1 - 1  
I W O L D ~ ( I S K ~ P + , ~ O O ~ ~ ~ ~ / ~ O ~ ~  
XHOLD~(ISK~P/~O.O)-IMOLD 
I? (XMOLD,GT',O,OOS) GoTOzoo 

I I S N S T ~ C + I - ~  
X~X~+(II-~I*OX 

on 2 0 2  J m w ~ t t t , w a l t r f  
c c r c C e c ~ c c c c c c e c c r c c c I : c c c c c c c c c c c c c i t c c c c r c C c ~ c c c C c ~ ~ c c e c c c ~ c c ~ c C C ~ ~ c c  

b 
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. 
. . 

c c oRlGiNAL PAGE ff c c 
cc  D~TCRC~INI TFMPERATURC A T  t x , n r , r t )  cc  
cc  SCE EOUATION ( z , ~ , i u )  CF FIN~L a c p o w  OF POOR Q u A L ~ ~  cc  
CC CC 
C C ~ C C ~ C C C ~ C ~ C C C C L ~ C ~ ~ C ~ ~ C C C ~ ~ C C C C C C . I : C ~ C C C C C C C ~ C C C C C C C ~ C ~ C ~ C C C C C C C ~ C C C C ~ ~  

THOLF(Jlao.0 
DO z n o  M8irMSUM 

~ H O ~ D ~ J ) S T H ~ L D ( J ) + ~ ~ ~ * ~ S ~ ~ ~ ~ ~ J ) * T H ~ ~ A ~ ( ~ ~ I ~ ) / S ~ J ~ I ~ ~  
23n CONTIVUF 

CALL n F C t w , r N s )  
T H 0 l n ~ J ~ a ~ u ~ l n c J ) t ~ N S  

202 CONTINUF 
Y R ~ T C ( ~ . ~ ~ ~ ) X ~ ( ~ U O L D ~ J ~ * J ~ M \ E F T ~ V ~ ~ G H ~ )  

? l o  r f lRM&T(SH Xm,Fln.br fU r b ( E l ~ * b r Z X ) )  
Z O ~  C ~ N T I  NIIE 

I F ( I ? L A G . ~ O . ~ ) C O  To 2 2 0  
MRIGuTaMRTGnT+b 
H L E F T X ~ L E C T ~ ~  
Gn 10 t8O 

Z i n  COHTINIIE 
c ~ r ~ ~ ~ ~ ~ t c c c ~ ~ c ~ c ~ ~ ~ c c c c c c ~ c c ~ c c ~ ~ ~ c c i ~ ~ c c c c c ~ c ~ c c c c c ~ c c c c c c ~ c c c c c c c c c c c  
C c 
CC C n n P U r c  THERMAL GRADIENTS A t  XIYO AND xN 

CC 
CC 

C C C C 
~ c r ~ ~ ~ : ~ ~ c c ~ c ~ c ~ ~ ~ r ~ c c ~ c ~ c c c c c c ~ c c c c c c ~ ~ c c c c c c ~ c ~ c c c ~ c ~ c c c ~ c c c c c c c c c c c c c c  

Gn 7 0  (5103?,53)  ICASE 
3 1  wnITE(b ,Q831 

c o ~ n 3 a  
3 2  w a I T E ( b , 3 0 )  

c n t n u  
33 wRITE(6,  t 0 )  
3 4  ~ ~ N T I N U C  

~ ~ I T E ( b p 7 1 )  
~ ~ F O R M A T ( ~ H , P ~ X , ~ S H T W E R M ~ I  C r ) A d f E I i T S )  

* R I T ~ ( ~ ~ * Z ) X O * X N  
7 2  F ~ R M A T ( / ~ / , o u r c t n R , 5 ~ t l l H G R ~ O o  i T  X a r ~ l o ; 5 r l ~ ~  GRAD, AT :a,f lO*S 

2, / / I  
On 230  I m i , i o i  
~ ~ I ) = ( I - l ) * n ~ o l  
10 2 4 0  '4.1 r MSUM 

V A R S R ( I  )*RLAMD(M) 
CALL J n ( V A U r Y )  
P S I  (M, I )av  

240 C F b T I N u L  
2 3 n  CFNTINUE 

OD.-OX 
DO 250 1 ~ 1 , i o i  

On 2 6 0  Jmt,5 
T (J)mO.n 
0 0  270 M81,MSUw 

T ( ~ ~ ) ~ ? ( J ) + Z ~ O * P ~ I ( ~ , I ) * T H ~ T A B ~ M , J ) / ~ O J I ( U )  
a t n  CONTINUC 

X8XO*(J=l)*OX 
CALL H F C f X r  ANSI 
T ( J ~ ~ T ( . I ) * A N S  

a46 CONY INt IC  
on 200 J ~ W O  

T ( J ) 8 0 e n  
JH~LD~NsYOP- IO*J  

00 zqn w m t , ~ ~ u w  
TlJ)mT(J)*Z.O*PSI ( M ~ I ) * T H F ~ A B ( H ~ J ~ ~ L O ) / S O ~ ~  ( M )  

a q n  CONTINUF 
xaxo+(.tuOl.D-l )*OX 
CALL WC(X,ANS) 
1 ( 3 ) r T ( J ) * 4 ~ 1  

8 CnNTINuE 

Figure C-2. Computer Code List for Problems 
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C-19 

~ c r ~ C e ~ r ~ c c ~ c c ~ c ~ r ~ ~ ~ r : c r : c c ~ c c c c c c c ~ c c i c c c c c c c C c ~ c ~ r C c i ~ c c c c ~ C C C C C c C C C C c C  
CC c c 
CC APPROXIMATE THERMAL G R A D I E ~ . T S  A: CYLIYOER ENnS C C 
cc  - SEE EQl;ATTONS (2.2.2a) r t ; ~  (2.2.2~1 of FINAL ~ C P O P T  cc 
C C cc 
C ~ ~ ~ C ~ C C C ~ ~ ~ ~ C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C ~ C C C ~ C ~ C C C ~ ~ ~ ~ ~ ~ ~ ~ C C ~ C C ~ ~ C ~ ~ C C C ~ C C C C C C C ~ C C C C ~ C  

GRAnXN(I)a(,j.t t b ) + l b * T ( 7 ) - ~ 6 * ~ i 6 I + ~ b * T ( q ) - ~ ~ * ? ~ i 0 ) ) ~ ~ 1 ~ * ~ ~ )  
G R A O X O ( ~ ~ ~ ( - ~ ~ ~ ( ~ ~ + ~ ~ * T ( U ~ - ~ G * T ~ ~ ) + ~ ~ * ~ ~ Z ) - ~ ~ * T ~  1 1 ) / ( 1 2 * 0 X )  
~SK~PSI-! 
I~OLO~(ISKIP+.000001)/10.0 
~HOLD~(TSKIP/!~,O)-I~OLD 
I F ( X H O L D , C T ~ O . O ~ ? ~ )  GOT0251 
U R I T E ( ~ ~ ~ O ~ ~ R ( I ) , G R I I ~ O ( I ) , G ~ A P Y I ~ ( I )  

5 0 0  F n R M A T t l n  , ~ P X , C ~ , ~ I S X I E ~ ~ . ~ P ~ X , E : I ~ , ~ ~  
ORIGINAL PAGZ FS 

zs* C~NTINUE Of POOR QUALIS-tl 
IF(ICASE.NE'.~)CO TO 2 5 0  
GRADZ( I )=GRADXO(X)  
C ~ A ~ S ( I ) ~ C A A O X N ( I )  

25n CONTINUE 
RETllRN 
END 

~ c r C C t c t c c c C C . , . C ~ ~ ~ c c c c c i ~ c ~ ~ c c c ~ c ~ ~ c i ~ c c c c c c ~ c ~ c ~ c ~ ~ i ~ ~ ~ ~ c c c ~ ~ ~ ~ c ~ ~ ~ c c c  
C C cc 
cc t u l s  SUSROUTINE APPROXIMATES t ~ v  FINITE DIcFFREHCEI G C A R  PF c c  
CC EQUATION (2:2.16) GF F I N A L  RCPOPT CC 
CC CC 
~ ~ r ~ ~ ~ c r c ~ ~ c ~ ~ ~ c ~ r ~ c c r r t c c c c c c c ~ ~ ~ ~ ~ c c ~ c c c c c c c C c ~ c ~ t ~ c ~ ~ c c c c c ~ ~ ~ ~ ~ c ~ ~ c c c c  

SUeROUTrnF C ~ A R ( H , X # A N S )  
RCAL J l r . I l L A n  
C ~ M W O N / C ~ / R I A ~ O ( Z O ) ~ J ~ ( ~ O ) ~ J ~ L A ~ ( ~ ~ )  
C ~ M ~ ~ N / ~ ~ A ~ ~ / P , W T E R ~ , ~ S U U , X U , X ~ ~ , ~ ; C R I D ~ N ~  
EPSLON=O,ol 
X l ax-EPSI.CN 
x?=x*€Psl.Ot)r 
CALL HFC(X,AhS) 
CALL ~ F C ( l l . b N S t  1 
C A L i  HFC (X2,A'JSZ) 
6.6 ( A N S + A N S ~  )/(i!.O*EPSLO!.) 
G ~ G - ( A N S ~ , A N S ~ ~ ~ , O * ~ N ~ ) / ( E P S L ~ N ~ E ~ S L ~ N )  
ANS+G*J~I .AH rr I 
RETIJRN 
END 

C C ~ C C C C ~ C C C C ~ C ~ C C ~ C ~ C C ~ C C C C C C C C C C C C C C ~ ~ C C C C C C ~ C C C C C C C ~ C C C ~ C C C C C C C C C C C C C C  
c C ce  
.cC PURPOSE c c 
CC r PROVIOL INPUT DATA FOR S C ~ T ~ A R E  CC 
CC - SEE A P P C N ~ I X  4.3 FOR D E T A I L S  CC 
cc  C c 
C C ~ C C ~ C ~ C C C C C C ~ C ~ ~ C ~ ~ C C C C C C C C C C C C C C ~ : C ~ ~ C C C C C C C C C ~ ~ C C C ~ C C C ~ C C ~ C C C C C C C C C C C  

SLJB@OUTINC thPUT 
IN lCGER PCLTERNrOELMVS 
C ~ ~ ~ O N ~ C ~ ~ ~ T C A S L , T U E L T ~ S ~  
Cf lMMO!J/C?4/RKS,aKLwRLeNSVS 
~ ~ U M ~ N / ~ F A ~ ~ / P , M T ~ R ~ , ~ S ~ M , ~ O ~ X N , ~ ~ ~ R I O , Y ~  
C ~ M M ~ N / F ~ X P T / X ~ P T T O N , X ~ ~ I N ~ G ~ I ~ , ~ L I P  
C9MMON/C3l/THFC 
~ n n ~ ~ ~ ~ c ~ ~ ~ ~ o ~ i o o ~ , ~ ~ ( i ~ o ~ , ~ ~ ~ ~ ~ i o o ~ , ~  
C ~ M M O N / C ~ ~ / M ~ N T F R U ~ ~ ~ ~ ~ ~ ~ M , D ~ L T F ~ M , ~ I N N ~ V S , Y A X ~ ~ ~ Y S ~ ~ E L ! ~ ~ ~ ~  
DIMENSION C t 4 t l f l d )  
OTHCNSION X W O L ~ ( ~ O O ) , ~ ~ O L D ( ! O C )  
E ~ U I V A L ~ N C E t C l ( l r l ~ r C ( 1 r l ~ )  
w R I T E ( b r S I  

5 F n R M A T ( / / , l p  r S b X t 2 0 H r  N P U T 0 A T A )  
XF(ICASE.NE.1) GOTObO 

~ ~ r ~ C ~ ~ ~ ~ ~ c c c c c ~ c r c c c ~ c c c ~ c ~ ~ ~ c ~ c ~ ~ ~ c i c c c c c c c ~ c ~ c ~ ~ ~ c ~ ~ c c c c c c ~ c ~ ~ c c ~ ~ c c c  
cc  . . cc  
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cc  INPUT MELT 7 0 ~ ~  SURFACE ~ € 1 : ~ ~  I ) ? S T R I B U T ~ O ~  IN A O A T &  SCT CC 
CC F n R r A t  FOR IISC t a  A CUBIC Sp t . l tw  CC 
cc CC 
c C r C C C C C c c C c ~ c t c c r ~ ~ c ~ c ~ ~ C ~ C C C C C c C C c c i c c c c c c ~ ~ c C c ~ t C ~ ~ ~ c ~ c c c ~ c c c ~ c ~ C ~ ~ c c  

R F A n ( 5 r b f i ) f ~ F c  
8 0  FnRMAT(12) 

IF ( IHFC ,NE, ) c n t o b o  ORIGINAL PAGE 3 
RLAn(S,4Qq) H 

n e q  FORMAT~IT )  OF POOR QUALI* 
Y @ f T E f b e 3 O S u  

10 f n a w r t ( / / / / / / , o 5 ~  THC SURFnct  TFPPEQATU~C DISTR~OUTION IS APPROX1W 
? r v n  ev THE CUBIC SPLINE ~I~RCIUCM THE F O L L O U ~ N G , ~ ~ , Z ~ M  ( X I  TEMPI o 
- 474  Pf l IHTS,/ / / , I?Y X SURFAtE TFM*,) 

On 3.? I.!rM 
R ~ A ~ ; S , Z ? ) X ~ ( I ) ~ Y O ( I )  

22  ~ n ~ n r t c z t 2 0 ; i o )  
~ ~ I t E ( b r l 4 ) ~ ~ ( 1 ) , r n ( I )  

34 m a * r t ( z ~ 2 o , l o )  
3 2  CnhTINUE 

CALL COFCEN 
6 0  CONTINUE - _ - 

ccrc~~ttcccccccccrccc~ccc~ccccccccccc~~cccccc~cccccccicccccccccccccccccc 
CC C C 
CC INPUT MEl.7 70NE P4RAMETERS c c 
c c c c 
~ ~ r ~ C C ~ ~ ~ ~ ~ c c ~ c c ~ r ~ c c c c c ~ C c ~ ~ ~ ~ ~ c ~ C c c r ~ c c c c c c ~ c ~ c c c C c ~ c c c c c c c c c c c c ~ ~ c ~ c c  

~ ~ r n ( s r l n ) P , x O , x ~ , w r E R n e m S U n , ~ ~ ~ I D , l y R  
1 0  ~ ~ R ~ A ~ ( ~ F ~ o , S , U I ~ O )  

W R I T L ( ~ , ~ S S )  
0 5 3  F ~ R M A T ( / , ~ H  r ~ ~ X , l M ~ , ~ O X r E H X O D ~ n X e Z ~ X u , ~ ~ ~ S ~ M ~ E ~ l l , o x , o H * S U ~ ' , S X r f ~ N  

m G R I b r b X r 2 b I ~ R )  
Y R ~ ~ E C ~ , ? ~ ) P ~ ~ O ~ X ~ " ) ~ ~ ~ ~ R M D M ~ U ~ ~ , ~ ~ C ~ ~ ~ ~ N Q  I 2 0  F n R u t c  1~ . t E ~ o . l o . a I i o )  
IF(ICAS€,EO;I)RCTURN 

~ ~ r C C C C t C ~ C ~ ~ ~ c c c r c c c r : c c c C c C ~ ~ ~ C ~ ~ ~ t c i c c c c c c c C c C c c ~ C c ~ ~ c c c c c c c c c ~ c ~ ~ c c c c  
CC c c 
CC INPUT N A T E R ~ A L  C O W ~ U C T I V I T I E S  C C 
CC CC 
C C ~ C C C C ~ C C C C C C C ~ ~ C ~ ~ ~ ~ : ~ C ~ ~ C C C C C C C C C ~ ~ ~ C C C ~ ~ ~ ~ C ~ ~ ~ C ~ C ~ ~ C C ~ ~ ~ ~ C C C C C ~ C C C ~ ~ ~  

R E A D ( S , ~ ~ ) R Y S , R N L , R L ~ Y S V S  
Q 0  FnRMAT(3tzo'. io,r lo) 

W@ITE(b,A88) 
R88 FORMAT(//, lw , ~ O X O ~ M R ~ S , I ? X ~ S ~ R ~ L ~ ~ ~ X , E ~ R L )  

c C r C C C C C C C C c c c ~ c c ~ ~ c c ~ c ~ c C c C C C C C ~ C C r c ~ c c c c c c c C c C c c c C c i C c c r c c C c c C C c C C C t c e  
CC cc 
cc INPUT M A T E R ~ A L  CONOUCTIVITIES CC 
CC cc 
~ ~ r ~ C C ~ t ~ ~ ~ ~ c ~ t c c r ~ c c ~ ~ ~ ~ ~ ~ t ~ ~ ~ ~ ~ ~ ~ c c i r i : ~ c c c ~ c ~ c ~ c c ~ ~ c i ~ c c c ~ c ~ c c c c c ~ ~ ~ c c e  

wRIT€ (b , t ~o )  RUS,RULtRL' 
4 0  f ~ R M A t ( 1 n  ,1L?0,10) 

ccrcCCctccccccccctcc~cccccccccccccccc~cccccccccccccCc~cccccccccccccccccc 
C C CC 
CC INPUT CA3E I I W I T S  C C 
cc C C 
C C ~ C ~ C E ~ C C C C ~ ~ ~ ~ C ~ ~ C ~ ~ : ~ ~ C ~ C C C C C C C C C C ~ ~ ~ C ~ ~ C ~ C C C ~ C ~ ~ C C ~ C C C ~ C C C C C C C ~ C C C ~ ~ ~  

R ~ A D ( S , ~ ~ ) R T N T E Q U ~ ~ ~ ~ ~ E R ~ , D E L ~ F Q ~ : , H ~ N ~ " ) S ~ S ~ M A X N ~ V S , O ~ L N G T ~  
21 F n R r A T ( a I l 0 j  

* R l T E ( ~ a T 0 9 1  
-99  ? t l R M l T ( / / , l ~  ,8:,57MM4X7€RH MTNTERM oELTFRH *&XNSYS MINNSY 

-S O t L N a r s r  
~ @ I T E ( ~ ~ ) ~ ) U A X T ~ R * ~ ~ I ~ ~ E R ~ , ~ C L T ~ R ~ ~ W A X N S Y S ~ ~ ? N ~ ~ ~ Y S ~ ~ E L ~ : S Y S  

1 8  FnRMAT(l I !  ,3X.b( fX, IS) l  
R t A O ( S r S O ) l n ? ~ I O ~ , C L I p  

5 0  ~ ~ R ~ A T 1 1 1 0 ~ C 1 0 ~ 5 1  
RETURN 
CNO 

- rigure C-2. Computer Code List for Problems 
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F i y u r e  C - 2 .  Cdmputer Code L i s t  Lor Problems 

P1-1 anc P1-2 (Conc) 

C-21 

~ C r C C C c r C c c c ~ c c c c r c c c ~ t ~ c C ~ ~ ~ ~ ~ c ~ ~ ~ r c r c t c c c c ~ ~ c ~ c c c ~ c i c c c c c ~ ~ c c c c c ~ ~ c c c c  
CC 
CC P~JRPOSES 

CC 
C C 

CC - PROVIDF USER ENTRY OF FIJ1:CrlOUAL FORM @F MFLT ZOhF SURFACE :c 
ZC TFMp. O?dTR?gUTlOW C C 
t C  ' E V A L U A T E  SCLIO RFGtONS S C R ~ A C F  C O ~ T R ~ L  F U Y t l I n l d S  C C 
:C - MnOIFY SO1 I D  REGIONS SURfACF rnNT@OL fUeCTJOt1s USrNG IOP'TON cc 
t C  A*IO C L I P  AS OET~ILED I N  r P P E l . n ~ v  r .3  C C 
C C cc 
~ ~ r ~ C ~ c r ~ r ~ ~ ~ ~ r ~ ~ r ~ c c ~ c ~ ~ t ~ . ~ ~ ~ ~ ~ ~ ~ ~ c c ~ ~ c c c c c : ~ c ~ c ~ ~ ~ c F ~ c c r c c c c c c c c ~ ~ c t c c  

suenourrw HFC(X.APIS) 
c n w r o * J / c Q / c ~ E F ( z o )  ,Rn 
C ~ M ~ O ~ J / C Z ~ / T C ~ S C . T ~ E L T ~ ~ )  
C O ~ M ~ ~ ~ / C Z ~ J ~ K S . Q K L , ~ L ~ N S Y S  
;?.4M011/QE~Dq / P , ' I T ~ R M , ~ S U W , X O , X N ~ : I C R I ~ , N R  
CoMn0N/F1xPT/10PTIo~,xW1Fc0G~1~,rL!P 

. C ~ ~ ~ O ~ / C ~ O / T C K G I J T  ORlGfML p&<: 
cOMMON/CZb/CPOLVf20) 
t ~ ~ ~ ~ ~ ~ c f ~ / r o ~ i o o ) , ~ ~ ~ ~ O O ) , C ~ r u , i o o ~ , ~  OF POOR QUALiVY 
COHWON/C3 l / rnFc  
O I H E N S i L N  C t a , l n O )  
DIUEPSION z rzo )  
E~UIVALENCEtCl(~.l)rC(lrl)] 
IF ( IHFC .FQ. 9 ) c n r n b o  
I F  ( ICASE,EC;Z)G~T~~ZO 
IF(TCASE.EO.3I GOTOaO 

: ~ r ~ C ~ ~ t ~ c ~ ~ ~ c c c c ~ c t c c c ~ ~ C ~ ~ ~ ~ ~ ~ ~ ~ ~ c c i ~ ~ c c c ~ c ~ c ~ c t c ~ ~ F ~ c c c c c c c c c c c ~ ~ c c c c  
:c c c 
CC PLACE USER SUPPLIED MELT ZCNE SIIFFACE TEwo u F Q E  C C 
i C  C C 
~ ~ r ~ C ~ c c ~ c ~ ~ c c r c c r c c c r : c c ~ ~ ~ ~ ~ ~ ~ c c ~ ~ c c i ~ ~ c c c c c ~ c ~ c t ~ ~ c ~ c c c c c c c : c c c c c c c c c c  

RETURN 
6 0  CALL SPL~YEIX~ANS) 

RFTURN 
2 0  CPNTIhJUE 

AN3aO.o 
DF 1 0  Ka!,NSYS 
Z t K ) = ( l - t c ) * r r H - t )  
RWGLDzO. 0 
IF(7(K).CT,-ZfO.O) Q w n L D a f X P ( Z ( ~ ] )  
A N S ~ A N S + ~ O E F ( M ) * @ ~ O L O  

1 0  CCINTIYUL 
If (IOPTfnN,fO ,d)  GOTOu5 
t F ( X , t t . X h : ~ )  ~ n T O a 5  

: c r ~ ~ ~ c c c c c c c c ~ c c ~ c c c ~ c i c ~ ~ t ~ ~ ~ ~ c ~ ~ . c ~ i ~ c c c c c c ~ c ~ c c c ~ c ~ c c c c c c c c c c c c c c c c c c  
: c cc 
:c w d o ~ f y  L f lwEn S C L I o  REGICN S U R F A ~ E  CQN~ROC F U N C T ~ C N  A S  CEFI~!EO cc 
:c e y  VALUE CF IOPT;ON cc 
: C c c 
: ~ r ~ ~ ~ ~ c ~ c c c c c t c c ~ c c c ~ c t ~ C ~ ~ ~ ~ ~ c ~ ~ ~ c c i ~ c c c c c c ~ c ~ c ~ r C c ~ ~ c c c c c c c c ~ ~ c ~ ~ c c c ~  

A N ~ ~ G M I N ~ ( ~ ~ ~ C P ~ I ~ N ) + ~ I ~ ~ ~ I ~ I ~ - ~ ~ ~ A W I N I ( ~ ~ ~ ~ C ~ I P )  
4s RETURN 

40 CONTINUE 
AWS-0. o 
0(' 50  4.1rNSYS 
Z f r 0 r . l - x ) * r X - x 0 )  
s)MOLDao,n . 
I F ( ~ ( K ) . G T . - 2 5 0 . 0 )  QnC'LD=EXP( t (u ) )  
ANSmANS+COE: ( K )  *RHOLO 

5 0  CONTINUE: 
If (IOPTI~~N.FO;O) COT055 
IF(X.LE.XMJN) GOT055 

: c r ~ C ~ c 6 c c ~ c c ~ t c c ~ ~ ~ ~ ~ c ~ c C c c C C ~ ~ c c t c c ~ c ~ c c c c c ~ c c c c t c c ~ c c c ~ c c c c c c c c c c c c c c  
:c C C 
:C f 4 0 0 1 f Y  UPPEP SOLID REGION S u R F r r t :  C f 3 h T R 0 ~  ~ U N C T ~ C N  AS CEFI1:cO c t  
:c VALUE qr I O P T I d N  Cc 

4 

2 



ORIGINAL ns ~ p p ~  QUALITY PAGE H 

- 
c c c C 
~ C r C ~ ~ C t C ~ ~ c ~ c t c c ~ ~ ~ ~ ~ c ~ c c c ~ ~ ~ c c c c c ~ c r c c c c c c c ~ c ~ c ~ c ~ ~ ~ ~ c c r c c ~ c c ~ c c ~ ~ c c c c  

~ N S ~ G ~ ~ ~ ~ ~ I ~ - ~ C I P ~ I ~ ~ ) ~ ( I O P T I ~ ~ ; - ~ ~ ~ ~ ~ ~ N ~ ~ ~ U S , C L I P I  
S f  RFt l lRN 

END 
~ ~ r C C ~ ~ c c c ~ c c c c ~ c 6 c c c t c c ~ C ~ C ~ c ~ ~ c ~ C c c i C ~ c c c c c ~ c C c ~ ~ C ~ ~ ~ c c c c c c c c c c c c ~ c c c c  

C ~ M M O N / R ~ A D ~ / P , W T F R ~ ~ ~ S U H ~ X O ~ X ~ I ~ ~ ~ C R I D ~ N ~  
c C r C C C C C C ~ C C c C t ~ c r ~ ~ c 2 c ~ c C c C C C C ~ ~ ~ ~ ~ c r ~ c c c ~ c c C c ~ c ~ t ~ ~ ~ c c c c c c ~ c c ~ c c c ~ c c c c  
c c 
CC USER SUPPLfFO LnMER E' TEt!PERr+URE ~ ( a )  

cc 
C C 

C C CC 
~ ~ r ~ C C ~ r c ~ ~ c c c e c ~ r ~ ~ c r : c c c C c c ~ c ~ ~ c ~ ~ c ~ i : ~ c c c c c c ~ c ~ c c c ~ c ? c c c ~ c c c c c c c ~ ~ ~ c c ~ c  

CALL HFCtXO.ANSI 
RETURN 
EN0 

~ ~ r ~ ~ ~ ~ ~ ~ c ~ ~ c c t ~ c r c c c t c c ~ ~ c ~ ~ ~ c c ~ ~ ~ ~ ~ i ~ c c c c c c ~ c ~ c c c ~ c i c c c ~ c c c c c ~ c c c ~ c c c c  
CC CC 
Cc TH IS  SUBROUTINE SUPPLIES RADIAL  TEMPERATURE D ~ s < ~ ~ I B ~ I T ~ ~ N  cc 
CC OM UPPER END O f  CYLINDER - SCC F ~ U A T I ~ M  (2.2.21 C f  F I N A L  RtpORT CC 
cc CC 
c c r ~ C ~ c c ~ t ~ ~ ~ c c c c c c c c r : c c c C c ~ ~ c c c c ~ t ~ c t c c c c c c c ~ c c c c c ~ c ~ c c c c c c ~ c c c c c c c c c c c  

Sl~8ROUTINC RFc(I),ANS) 
C ~ ~ ~ N / @ E A D ~ / P , ~ T E ~ * ~ * S U M , X O ~ X N , ~ ; C R I D , N ~  

c C r C C C C r C c ~ ~ c c ~ ~ ~ e c ~ ~ t : c C c C c C c c c ~ ~ ~ c c c r c c ~ c c c c ~ c ~ c c c C c ? ~ c c c c c c c c c c c c c c c c c  
c c CC 
cc USER SUPPLIFO UPPER ENO T C ~ : P ~ P A T U R E  e t a )  cc 
c c CC 
~ ~ r ~ C ~ ~ ~ ~ ~ ~ c ~ ~ c c ~ ~ c c ~ r : c c ~ ~ : ~ ~ ~ ~ c c ~ ~ t t r ~ ~ c c ~ c c ~ c ~ c ~ c ~ ~ ~ ~ c c c c c c c c c c c ~ ~ c ~ c c  

CALL HFClXN.ANS) 
SCTNAN 
END 

~ ~ r ~ C ~ ~ ~ c t t ~ c ~ ~ c c r c c ~ ~ c c c ~ c ~ c ~ ~ c c c ~ ~ c i c c c c c c c ~ c c c c c ~ c ~ ~ c c c c c ~ ~ c ~ c ~ ~ ~ ~ c c c  
cc 
CC T b I S  SUBROUTINE AESSEL SFRTCS TO DATA B* LFAST SQt:rRES 

cc 
C C 

CC WTMOb SEF F O l J r T I ~ N S  (2.2.17) (2.2.111) AND i Z . Z i 2 S )  C C 
CC OF F I N A L  REPORT CC 

INTEGER NQINCOE? 
REAL f , R ( 1 0 t ) r ~ ( 1 9 1 ) r C O E F ( ~ o ~ , d u ( ~ b ~ )  
EXTERNAL f 

~ ~ r ~ ~ ~ ~ ~ ~ c ~ c c ~ t ~ c k c c c c c c ~ ~ c ~ t ~ c ~ c ~ ~ t c i ~ c c c c c c ~ c ~ c ~ c ~ c i ~ c ~ ~ c c c c c ~ c c ~ ~ c c c c  
c c CC 
cc USER SUPPLIFO LEAST  SQUARE^ r!FTuC)D FOLLOUS n r R €  To o ~ 7 c R n i r : t  cc 
CC THE COEFFICIENTS nf E a U b t l O ~ 6  (>.E.17) (2.2:18); THE c t  
cc SUSROUTIM~ r n s n  BELO* I S  THE IMSL LEAST SOUAPES FUNCTION r r t  cc 
CC ROUTINE CC . - - - 
CC c c 
~ ~ r C t C c r ~ ~ ~ ~ ~ c r c c t c c c r c c ~ C ~ ~ C ~ c c c ~ c c c i c c c c c c c ~ c c c c c ~ c ~ c c c r c c ~ c c c c c c c c c c c  

CALL I F L S O ( F , R , ~ , ~ ~ r C O E F , ' J C b C F r ~ K r 1 E R )  
I~CIER.E~.~?~.O~~.IEQ.EO.~SO)I;~~~€(O,I~) 

* O  f n R ~ & T ( S h n  TLRMTNAL ERR@R I N  LEAST ~ o u r f ? t S  * L T ~ ~ ~ O ~ S U B I ) C U T I ~ ! C  COCTS 
1 )  

RETURN 
END 

Pigure C-2. Computer Code L i s t  for Problems 

Pi-1 and P1-2 (Cont) 
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1 CONTINUE 
C C ~ C C C ~ C C ~ C ~ ~ ~ ~ ~ C ~ ~ C ~ I : ~ C ~ C ~ C C C C C C C C ~ ~ ~ C C ~ C C ~ C ~ C C C C ~ C C ~ ~ C C ~ C C C C C C C ~ C C C C ~ C  
C C  C  c 
cc C ~ M P U ~ E  F I N A L  S~ILN. VRECTOR v C  C 
CC C  C  
ccrc~~cccccccctccrccccccccccccccccccci~eccccc~cccc~Cc~ccccccccccccc~crcc 

u t L ) a c A r n r ( l  I 
LAS7.L- I 
0 0  2 K 8 l r L A S T  
I = l - K  
V ( I ) ~ C A M M ~ ( ~ ) - C ~ I ) * ~ ( I + ~ ) / ~ ~ T ~ ( ~ )  ORIGINAL PAGE IS 

z CfltJTINUt 
t.CTURN 

of POOR QUALITY 
€NO 

~ C C C C C C C C ~ ~ C ~ C ~ C ~ C ~ C ~ ~ ~ C C C ~ C C C C C C C C K ~ ~ C C ~ ~ ~ ~ C C C C C C C C C ~ C C C ~ C ~ C C C C C ~ C C C C C ~  
C C  c e 
CC T H I S  SUAROUTINE DCTEAMINES TIIF COME@ S O L t D  R F c l n l l S  SURfACF C  C  
CC CnNTROL F U N r T I O Y  AS OUTLINED I N  C n A P l f R  3 OF F ~ ~ A L  REPfR?,  CC 
cc  c e 
~ ~ r ~ C ~ ~ ~ ~ c ~ ~ ~ c c ~ ~ i ~ ~ ~ c c ~ c ~ c ~ ~ c ~ t ~ ~ ~ ~ c i ~ ~ c c c c c ~ c ~ c c c ~ c ~ c c c c ~ c ~ ~ c c c c ~ ~ c c c c  

SuBROUf I NE SOL I O Z  
RLAL J l r . l l L ~ H , ~ c * a S J 0  
COMMON/C~/RI ~n0(2O)rJ1(20),~1~~r(20) 
C ~ M ~ O N / C ~ / R ~ ~ O ~ ~ ~ ~ ~ ~ ( ~ O ~ ~ O ~ ) ~ S O . ~ ~ ( Z O )  
C O M ~ O N / C ~ / C ~ E F ( Z O ) ~ R M  
C O M M O N / C ~ ~ / ? C A S E , T M ~ L T ( ~ I  
c n n ~ o ~ / c ~ ~ / c ~ ~ o r ~ i o l ~ ~ t ~ ~ o 3 ~ i o ~ ~  
CQMMON/CEO/RKS~RKL~RL,NSYS 
C O M M ~ N / R E A O ~  /P, M T E ~ W ~ ~ S U M ~ X O ~ X P I ~ ~ ~ G R I D ~  NR 
CflH*ON/CSf /f ( 8 )  
C ~ M ~ O N / C ~ ~ / T F L A ~ Z ~ I I : L A C ~  
COMMON/C~~/AHAT(~O~ZO),RMS(ZO) 
D I Y E N S I n N  Y ~ ~ O ~ ) ~ C ( Q ) ~ I W K ( Z O ) ~ W Y ( ~ S O )  
O~MCNSION AI PHA (20)  
r r ( r F u c i ? . E n . o )  coro izo 
w R I T E ( b r P 6 4 r  

no4 i n R M A T ( l n i , t l x . h O w L  0 k E R  * 0 L  1 D T  H E R  w A L G R  A 
- D I E N l s )  

" R I ~ E ( b r 3 3 3 1  
133 f n R M ~ t ( / / / , l M  , S ~ ~ ~ ~ H Q O ~ ~ X , ~ I ~ G R A D )  

0 0  3 0  JJ=lrlOl 
J.102-JJ 

~ ~ ~ ~ C ~ C ~ ~ ~ ~ ~ ~ ~ ~ ~ C ~ ~ C ~ I I C ~ C C ~ ~ C ~ C ~ C C C C C ~ ~ C ~ ~ ~ ~ C C ~ C ~ C C C C F C ~ C ~ C C C C C C C ~ C C C C ~ C  
CC CC 
CC O r f E R H I N F  LflwrR S O L I D  R E G I C N  I N T E R F A C E  C R A O I E N T  SEE E O U l t I O W  CC 
CC ( F Z 4 ) r  fTCURC 1-2 OF F I N A L  REPflaT CC 
cc CC 
c ~ r ~ C c ~ ~ ~ c ~ ~ ~ ~ c ~ t c c c c ~ ~ c ~ ~ c c c c ~ c ~ c c c c I ~ ~ c c c c c ~ c ~ c c c c c ~ c c c r c c ~ c c c c c c ~ c c c c  

C R A ~ ~ ( J ) ~ ( R Y L I G ~ A ~ ~ [ J ) ~ R L ) / ~ ~ ~  
w ~ I ~ E ( b r S S f ~ R ( J ) r G R ~ O ~ c J ~  

TSS FORMAT( , 3 o ~ , f 2 0 , 1 0 r  l O X , € 2 0 ~ 1 n )  
y ~ J ) ~ G R A D ~ ( J ) - C R A D Z (  1 0 1  

t o  c n n r r n u E  
~ c r ~ C c c c ~ ~ c ~ c c ~ c c i c c ~ c c c ~ ~ ~ c c c c ~ ~ c c c c ~ ~ c c c c c c ~ c c c c c ~ c ~ c c c c c c c c c c c c c ~ c c c c  
cc  C  C 
cc  OC~ERMINE C~LFFICIENTS IN OES~EI E X P A M S I O N  (3.0: lal  C  C 
c c CC 
c c r ~ ~ c c c c c c c c c t c c ~ c c c c c c ~ ~ c c c ~ c c c c ~ c c ~ ~ c c c c c e i c ~ c ~ ~ ~ ~ ~ ~ c ~ c ~ ~ ~ ~ ~ ~ ~ c ~ ~ ~ ~ c c  

CALL C O t F S ( R r l n l 0 l r Z 0 n C Q t I )  
~ ~ r C C C C C C ~ ~ ~ ~ ~ ~ ~ c e t c c c c c c C c ~ ~ ~ ~ ~ c c ~ c c i c c c c c c c ~ c ~ c c c ~ c F c c c ~ c c c ~ c ~ ~ c ~ ~ c c c c  
C C  CC 
CC OCTERMIHE MATRIX AN0 VECTOn ELEcCNTS AS DECTNEO I N  CC 
cc ~ourrrow (3:0;24) cc 
cc  c e 
~ t r ~ C ~ ~ ~ ~ ~ ~ ~ c c c c c ~ ~ c c c c ~ ~ ~ ~ ~ ~ ~ c c c c ~ r : c i c c c c c c c ~ c ~ c c c ~ c ~ c c c c c c c c ~ ~ ~ c ~ ~ c ~ c c  

OP no nmc,ntERm 
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F i g u r e  C-2. Computer Code List for Problems 

Pi-I and P1-2 (Cont)  

i 

L a n + z  
R u S ( L ) ~ R L A H ~ ( V ) * J ~  ( n ) * C O C F ( M ) l Z e O  

P O  CONTf'lUE 
e O F l s t R A n 2 ( 9 O l )  
A ~ ~ I S T H C I . ~  ( T C A S E )  
D n  1 0 3  *=l,@TER* 
ALPMA(M)SP.P+~ . n . ~ ~ b n o ( ~ c ) r ~ ~ , \ r n i f i )  ORIGINAL PAGE 
A L P U A ( ~ ) ~ ( P ~ S O R T ( ~ L P ~ A ~ M ) ) ) ~ ~ , O  OF POOR Q u A L ~ ~  
L.H+2 
R U S ( ~ ) ~ R M S ( ~ , ) + ( A ~ P W ~ ( ~ ) - P ) * A ~ F ~ ~ ~ ~ F !  
R H S ( L ) ~ Q ~ S ( I  ) / ( & I _ P H A ( M ) * ( P - A L P H ~ ( ~ ) ) )  

t 0 3  CCNTIplUE 
Dn 1 0 6  M.~,PTFRM 
0 0  107 Ka1,NSYS 
RYHOLDaU-1 
L.n+z 
A ~ A ~ ( L , K ) = ~ ; O / ( R K M O L O - A L P H A ( I ~ ~ )  

( 0 7  CnNTINUE 
$ 0 6  CnNTINUE 

DO 1 0 8  K=I,NSYS 
rn r t ( l ,~ )= i ' . o  

( 0 8  CflNTIYUE 
R H s r i ) o r n f l  
On 109 *8l,NSY3 
A M A T ( Z , U > Z - ~ K - ~ )  

9 0 9  CT)NTIFIUE 
R n S ( 2 l a - R O f 1  

920  C n N t r r l u E  
I F L A t Z t O  
nmntERn+;! 
on 1 1 1  I a l r 4  
E( I )=O.O 

4 1 1  CONTINUC 
~ c r ~ ~ ~ ~ c ~ c c c c ~ c c c r c c c r : c c c ~ c c c ~ c c c c c ~ c i i : c c c c c c ~ c ~ c ~ r ~ c ~ ~ c c c ~ c ~ ~ c c c c ~ ~ ~ r c c  
CC CC 
c c  S ~ L V E  THE OVER POSFD LINEAR s v a r ~ n  o~ E Q U A T T ~ N S  ( s . o . E ~ )  11: C: 
CC THE LEAST S ~ U A R C S  $EN$€, TEE I W 9 L  ROUTINE LLROF I S  ~ L L u S T R A T E D  CC 
cc  B F L O ~  (SEE a ~ n r a u s  AT THE  EN^, OF APPENOIX ~ , 3 )  . CC 
cc  cc  
~ ~ r ~ ~ ~ c r ~ t c c c c c c c r c c c r : c c c ~ c ~ ~ ~ ~ c ~ ~ ~ ~ ~ i ~ c c c c c c ~ c ~ ~ ~ ~ ~ c ~ ~ ~ c ~ c c ~ ~ c ~ ~ c ~ ~ ~ ~ c ~  

CALL L L B ~ F ( A ~ ~ ~ , ~ ~ , ~ , N S Y S , R H S , Z ~ , ~ , ~ , E , C O € ~ , ? O , ~ ~ ~ K , U U , ~ E R )  
Rn0LDao.n 
DO 1 1 3  K82,NSYS 
R ~ O L D S R H ~ ~ L D ~ C ~ E F ( U )  

1 ' 5  CONTINUE 
C ~ C F ( I ) ~ A O F ~ - R H ~ ~ C D  

~ c r ~ ~ t c c c c c c c c t c ~ r c c c ~ c c c ~ c ~ ~ ~ c c c c c c c ~ c c c c c c c ~ c ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ c ~ ~ ~ ~ ~ ~ ~ c ~ ~ ~ ~ ~ ~  
C c C C 
cc D J ~ P L A Y  C O E F F ~ C I E N T ~  USED I N  TFF C X P A N S ! ~ ~  o f  T ~ E  L O W F  c c 
CC S n L I 0  REGION SURFACE CONTROL f l l ~ ~ t 1 0 ~  (SEE  ~ Q l ) A f f b ~  (3'.0.23) ) CC 
C C  c c 
C ~ ~ C C C C C C C ~ ~ C ~ ~ ~ C ~ ~ ~ ~ ~ ~ ~ ~ C ~ C C C C ~ C C C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C ~ C C C I : C ~ ~ C C C ~ ~ C C C C C C ~ C C C C C C  

wRITE:b, 1 0 0 )  
I a n  F O R M r T ( i n i )  

HRITE(o .777 ,  
9 7 7  F ~ R M A T ( ~ u ~ , ~ ~ X , R ~ F ~ L  0 W E R 9 0 I. ! 0 S V f? f A C E C 0 Y 

- T R O L  C O E f ? I C f C N ? S )  
W e I T E ( b r g 0 )  

9 0  FORMAT(/,!/, 1~ , ~ ~ X , ~ M K I Z Z X , ~ I ~ C ( U ) )  
On 778 1 a 1 , ~ S v S  
WRITE ( 6 , 6 8 6 )  1, COEf (1) 

h8b FORnAT( / , lH  ,a8x ,12r l f lX rEZO, lO)  
7 7 8  CONTINUE 

RFTURN 
EN0 

~ C ~ C C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C ~ C C C C C ~ ~ C ~ ~ ~ C C ~ ~ ~ ~ ~ C ~ C ~ C ~ C C ~ C C ~ ~ C C C C C C C C C C C C C C  



b 

c c CC 
CC T H I S  sU0ROUTINE 0ErERMIYCS ~ I I F  I l P p f l  SOL10 I)CGInl:S S U l f A C E  CC 
cC CONTROL F U N C T I O ~  AS OUTLI tJCo 114 CHAPTER 5 O r  F I ? J A L  QEPrflT, C  C 
CC CC 
c c r ~ C ~ c c ~ c c c c c c c c r c c c c c c c ~ c c c c c c c c r . c c i t c c c c c c C c ~ c c c C c ~ ~ c c c c c ~ c c ~ ~ c ~ ~ c c c c  

SUBROUTINE S a L r u  
RFAL J l r , l l L ~ ~ r M r l p S J O  
CDHMON/CI/RI A V D ( Z O ) ~ J I  ( 2 0 ) r J 1 ~ ~ w ( z o )  
C ~ ~ M ~ Q N / C S / R ~ ~ O ~ ) ~ P S I ( ? O ~  1 0 1 ) p 3 R R 1 1 ( Z 0 )  
C ~ H ~ O N / C P / C ~ E F ( ? O ) ~ R H  
C ~ ~ M O N / C Z Z / T C A S E , T ~ E L T ~ ~ )  
C P H M O N / C Z ~ / ~ R ~ D ~ ( ~ O ~ ) ~ C R A D ~ ( ~ O ~ !  

ORIGINAL. PAGE 
C ~ H U O N / C R ~ / R U S ~ R K L , R L ~ N S Y S  OF POOR QUALITY 
C C ) M Y O N / ~ E A D ~ / P ~ M T E R ~ ~ ~ S U M ~ X O , X N , I J G R ~ D , N R  
C O M ~ O N / C S ~ / E ( P )  
C ~ M ~ O N / C ~ ~ / T F L A ~ ~ ~ I F L A G ~  
C O H ~ O N / C ~ ~ / A W ~ T ~ Z O ~ ~ O ) , R C C ~ ( Z ~ )  
OJnFNSION y t l 0 l ) ~ C ( ~ ) r I ~ K ( ~ 0 ) ~ k ~ ( 9 5 0 )  
DIMENSION AI.PHA(ZO) 
I F ( I F L A C ~ . E O . O )  COT0120 
w R I T E ( b r U a 4 l  

n a 4  F O R M A T ( l H l , ~ l x . b o H U  P P E R 5 0 L r D T  n E a n & L G R A 
r n l E N T . t )  

H a I T E ( b r 3 3 3 >  
733 CnRMAT(///,!H , S 2 X r t H R r Z 7 X , 4 ~ l r ; R ~ O )  

DO 50 J J a l r l O l  
J = l n Z - J J  

~ ~ r ~ ~ ~ ~ c c c ~ ~ c c t c c e ~ C t c t c c ~ ~ ~ ~ c c c ~ ~ c c c c i ~ c c c c c c ~ c ~ c ~ c ~ c ~ ~ c c r ~ c ~ ~ c ~ ~ c ~ ~ c c ~ ~ :  
cc  C C 
CC DFTERMINF UPPER SOLID REGI f lN  T N ~ C ~ F A C t  E R A O I F N f  SEE EOUATXDN CC 
CC ( T Z ? ) ,  F ~ C U W E  1 - 2  OF F I N A L  @EpflmT C t  
CC CC 
c c r c ~ c c r c c t c c c c c c i c c c c c c c c c c c c c c c c c c c ~ c c c c c c c ~ c c c c ~ c c ~ c c c c c c c c c c c c c c c ~ c c  

G ~ ~ A D S ( J I ~ ( R U L ~ ~ ~ ) & D ~ ( J ) - R L I / ~ ~ ; S  
W R ~ T E ( ~ P S S ~ ) R ( J I ~ C R A D ~ ( J )  

~ 5 5  FORMAT(1H , ~ ~ X , E Z O . ~ O ~ ~ O X ~ C Z ~ ; I ~ )  
Y(J)aGRAn3(.1)-tf lAD3(101) 

l 0  CONTINUE: 
CALL C O E F S ( a , r r l ~ l , Z O ~ C O t F )  

c ~ r ~ C C c t c c c ~ c ~ t ~ c c ~ ~ c t . c t c ~ c c c c c c c c c c c ~ c c c c c c c ~ c c c c ~ t c ~ ~ c c c c c c c c ~ c c ~ ~ c c c c  
C C  C C 
cc DETERMINE MATRIX ANO v E c t n n  C L E ~ C N T S  A S  OEFINCO IN EOUATIOI:S cc  
cc (S .O.Z~)  - r3.0.21~) c t  
C C  CC 
c ~ r ~ ~ ~ c ~ ~ c c c c ~ c c c i c c ~ c c c c ~ c ~ c c c ~ ~ c ~ c ~ i ~ c c ~ c c c ~ c ~ c ~ ~ C ~ ~ ~ ~ ~ c ~ c ~ ~ ~ ~ ~ c C ~ ~ ~ c ~  

on 8 0  M8i.MTE:RN 
L W * 2  

R ~ S ( L ) ~ R L ~ M D ( M ) * J ~  ( M ) * C O E C ( M ) / ( - Z * O )  
no CflNTINUC 

B n p l a G R A D 3 ( j 0 l )  
r 0 r i s t n c L t ( r c ~ s E )  
DO 1 0 3  q n l r n T E R M  
A ~ P ~ A ( M ) ~ P ~ D * P , ~ ~ R L I ~ D ( ~ ) * R L A M D ~ H ~  
A ~ P H A ~ M ) ~ ( P ~ ~ o R ~ ~ A L P M ~ ( ~ ) ) ) ~ (  2:3) 
L.N*2 
RWS(t,).RnS (I.)+ (PIALPHA ("1 )*AG?~+OFI 
RHS(L)ORHS ( I . ) / (ALPHA(~)* (P-ALPHA ( M ) ) )  

$ 0 5  CONTINUC 
DO l o b  n = l r M l € R M  
0 0  107 N m 1 , ~ s I s  
L.M*Z 
A W A T ( L , K ) S ~ : Q / ( - ~ , O + U * A L P W A ( I ; ) )  

$ 0 7  CnNTINUC 
$ 0 6  CONTINUE 

0 0  108  r. lry9YS 
AMATtlrNr. l .0 
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Figure C-2. Computer Code List for Problems 
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908 CONTINUE 
a n s ( i ) S A n c i  
on 1 0 9  r S 1 , w s v s  
A H A T ( 2 , K l t l - l  

* 09  Cnl4TIYUC 
ORIGINAL PAGE 

R w S ( 2 ) 8 8 n F l  
9 2 0  CnYTINUE 

OF Q U A L ~ T ~  

1FLAG3sO 
MSMTEQn*? 
or' 1 1 1  1.114 
E(I).0.0 

* 1 I CFNTI i lUE 
~ ~ ~ C C ~ C C C C C C ~ C ~ ~ C ~ ~ ~ ~ ~ ~ ~ ~ C ~ C C C C C C C C C ~ ~ ~ C ~ C C ~ C C C ~  C C C C C ~ C ~ C ~ C ~ C C C C C ~ C C C C ~ C  
CC c c 
cc  SOLVE T H ~  OVER POSED LINEAR SYSTEM OF E O U A T T O M S  (3.0.26) - C t  
CC (S.0.28) FGP THC ~ 0 E F r I C I t l : t 6  T n  RE USED IN (5.6.31). THE CC 
cc IMSL QOUTII.IF LLROF IS ILLUSTRATFO BELOW Cc 
CC CC 
~ c r ~ ~ c ~ c ~ c ~ c ~ c c c c i c ~ c c c c c ~ c ~ c : c c c ~ ~ c ~ i ~ c c c c c c C c ~ c c r ~ c ~ ~ c c c c c c ~ c ~ ~ c ~ ~ ~ ~ c c  

CALL L L B O F ( A M A T . E O , ~ , N S Y S , R ~ ~ ~ ~ P ,  l e 0 , ~ , C 0 ~ ~ , 7 0 , i i ~ ~ , u K ~ ~ ~ ~ )  
RHOLDa0.n 
DO 1 1 3  Ka2,NSYS 
RHOLDaRWOLD*COEF Cn 

1 ' 3  CONTINUC 
C f l E F ( 1 ) a ~ O F l r R H f l L f l  

C C ~ C C C C ~ C ~ C ~ ~ ~ ~ ~ C ~ ~ C ~ ~ ~ ~ ~ C C C C C C C C C C ~ C ~ C C ~ C C ~ C C C C C C ~ C C ~ C ~ C ~ C C C C C C C ~ C C C C C C  
c c cc  
cc  D T S P L A ~  COEFFIC~ENTS USED IN THC EXPANSION QF t i €  U P P F ~  SOLID c c  
CC RFGIDN SIIRFACE CONTROL FUNCTION (SEE EQUATION (3.0.31) 
CC c c 
CCA ~ C C C C C C C C C C C C ~ ~ C C ~ C C C C C C C C C C C C C L C C ~ ~ C C C C C C ~ C C C C ~ ~ C ~ C C C C C C ~ C C C C C C C C C C C  

M Q I T E  ( b *  f 401 
I a n  F O R M A T ( i + I ]  

~ R I T E ( b e . i 7 7 )  
7 7 7  F f l R M A T ( l n l r l 9 X . 4 3 ~ U  P P E R 9 O L  T 0 J U R F A C E c fl N 

- 7 4 0 ~  C O E F F I C I C N T S )  
w n I t E  t b , s o )  

9 0  F F R r A T ( / / / , l n  , U ~ X , ~ H K , Z ~ X ~ ~ ~ I C ( W ] )  
on 7 7 0  I r l r N s Y S  
J @ I T E ( b r h 8 6 )  1 ,  C O E r ( I )  

hab F n u u A T ( / , l n  , U B X , I ~ , ~ O X , E Z ~ ~ . ~ O )  
7 7 8  CnNTINUC 

E n T n l a O  
i o n  C~NTINUE 

RFTURN 
EN0 

C C ~ C C C C ~ C C C ~ ~ ~ ~ ~ C ~ ~ ~ ~ ~ ~ ~ C C C C C C C ~ ~ C C ~ ~ ~ C ~ ~ ~ ~ ~ ~ C ~ C C C ~ C C ~ C C C ~ C ~ C C C C C ~ C C C C C ~  
CC cc 
CC PIIRPOSE CC 
CC - PERFORM L r N E  SEARCH TO oCTEQMTNE MIN, PT, n N  ~ H C  SURFACE Cc 
CC c ~ ~ N T R O L  FUNeTfON. USED I F  I O P Y I n N  3 1  OR 2. CC 
cc C c 
C C ~ C C C C ~ C ~ ~ C ~ C ~ ~ ~ ~ C ~ ~ C : ~ ~ ~ C ~ C C C C C C C C ~ ~ ~ ~ ~ ~ ~ C ~ C C C C C C C C C ~ C C C ~ C C C C C C C C C C C C C C  

SUBROUTINC LINSQCM(X*IN) 
C O M M ~ N / ~ ~ A O ~ / P , ~ T C R ~ , ~ ~ U M . X O , X N , N G R ~ D , N R  
07MFNSION F T R ( 1 0 5 )  
A.0.O 
0.XNmXO 
STORES-1.9 
O ~ L O ~ B I Z ~ O , ~  
0 0  90 I . I r t f l 0  
x.1 * O E L I  
CALL ?UNC(X.Yl 
RUOLD.V*StOpt 
IF(~~OLD.LE.O~OJCO 70 1 0 0  

8 0  CFNTXNUL 

* 

2 
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P1-1 and P l - 2  (Cont )  

i o n  ear 
ALPHA80,nl 
0 f L . e ~ ~  ORIGINAL PAGE 1s 
f18(11.1,0 
FID(Z).2,0 

OF POOR QUALITY 
5 C n ~ t  I V U t  

BRa l  .O/AI.PHA 
I r ( n B - Z ~ n ) l n , ~ ~ ~ l l  

10 cn t o  1 s  
1 1  CnNtINUL 

JJ.2 
i l  J.t.JJt1 

F I B ~ J J ) ~ F ~ ~ ~ J J - ~ I * ~ I D ~ J J - ~ ~  
CCaFI8CJ.I) 
If (CC-88) 1 3 r  15, ( 5  

" R I T E ( b r 2 )  
fnRMAt( / / / ,10~,39MMuSt  ChAI;CC A! FHA IN S~HROUTI~~C LrNSrCH) i: cn l2 

15 1.0 
KK:,fJ-2 
IKaJJ- i !  
BLaR-A 
A I . L a F 1 8 t I K ) ~ B L / F I R ( J J )  
M.A*ALL 
V.8-ALL 
CALL FUNC ( W D t )  
CALL FUNCCVrU) 
J K a l  
I K a I K - 1  
J. laJJ-1 
0 0  70 I.1,KU 
I F  (u-T)2n,2n,22 

20  A.A*ALL 
BCaA-A 
nav  
CALL FUNC(Ur t )  
ALL.fIB(IK).0L/FIB(JJ) 
V.0-ALL 
CALL IUNC (V IU)  
I l a I t 1  
IK.1K-1 
JJsJJ -1  
I r ( I K * l ) ? 8 r ? 9 r ~ q  

28 IK.1 
29 CnNtINUC 

cn t o  70 
12 080-ALL 

0L.R-A 
V.U 
CALL FUNt (VpU) 
ALL a F 1 8 ( I K ) ~ B L / f ? B ( J J l  
H.A*ALL 
CALL FUNCtWIT) 
I l a I + l  
I K a r K - 1  
J J s J J - 1  
I F ( I K ~ l ) S O r ~ l r 3 1  

30 I K a l  
3 1  CONTINUE 

70 CnNtINUL 
EP3.0.001*U 
bl.aU+tPS 
CALL FUNC (Dl. r YL ) 
I f ( Y L - 1 )  8 0 r 8 0 r 4 1  

80 CALL F U N t ( b r 8 f )  
Xr tNn(n*n) /z ,o  

. 

_I 
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P1-1 and P l - 2  (Cont) 

GnTO87 
6 1  CALL FUNC(A.AF1 

X M I N ~ ( Y + A ) / ? . O  ORIGINAL PAGE 
1 ~ ~ O e 4 ~ 2 X I ~ ~ X a r E 1 0 e ~ l  

87 A C C - ( ~ - A )  / ( n E l )  OF POOR QUALITY 
099 CnNTI t lUE 

E "0 
c ~ r ~ C ~ ~ t c ~ c ~ c c c c c r c c c r : c c c ~ c c c c c ~ c ~ ~ c c ~ ~ c c c c c c ~ ~ ~ c ~ ~ ~ c ~ ~ c c c ~ c ~ ~ c ~ ~ c ~ ~ c c c c  
CC cc 
cc  PURPOSE C C 
c c  - EVALUATE R A S I S  FIINCTIONS uSrn IN E O I J A ~ I ~ N  tS.i,23) CC 
C C C c 
~ C ~ ~ C C C C ~ ~ C C ~ C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C C C C C C C C C C ~ ~ ~ ~ C ~ C C ~ C C C C C : ~ C C ~ C C C ~ C C C C C C C C C C C C ~ ~  

S l 4 R O U T I N E  FUNC t x ,  v )  
C ~ M M O N / C O / C ~ E F ( F O ) , R W  
c ~ H M O N / C Z O / R K ~ ~ ~ K L I ~ L ~ N S Y ~  
r.0.0 
DO 1 0  K11,NSYS 
Z ~ ( ~ - K ) * X  
IF(Z.LE.-ZSn.0)60 TO 1 0  
YaY+COEF(K)*EXP(Z) 

i 0  CnNTINUE 
RF TlJRN 
END 

~ ~ r ~ ~ t ~ ~ c c ~ ~ c c c c c i ~ ~ c r : c c c ~ c ~ ~ ~ ~ c ~ ~ c c c i ~ c c c c c c ~ c ~ c c ~ ~ ~ ~ ~ ~ c r ~ c ~ ~ ~ ~ ~ c ~ ~ c c c c  
cc  CC 
cC PURpOSt CC 
cc  - EVALUATE 1.2 DIFFENE~CC BCTI~EEU f n ~  QLUUIRED S~LID RFCIONS C C 
cc  INTERFACE GRADIENTS AND THCSC ~RTAIYED e v  USE OF TPF STLID c c 
CC RFCIONS SURFACE CONTROL FUt:CTIflrlS. CC 
CC C C 
C C ~ C C C C ~ C ~ C ~ ~ C ~ C ~ ~ ~ C ~ C ~ ~ ~ C ~ C C C C C ~ C C C ~ ~ ~ C ~ C C ~ ~ C ~ C C C C C C ~ C C C ~ C C C C C C C ~ ~ C C ~ ~ ~  

SUBROUTINE FUROR 
C ~ ~ M ~ O N / C ~ Z / Y C A ? E , T M E L T ( S )  
C O H M O N / C Z S / C R A O E ( ~ O ~ ) ~ ~ R A O ~ ( ~ O ~ ? ~  
C ~ ~ M O ~ J / C E ~ / T ~ ~ T A ~ ( Z O ~ T O S ~ ~ ~ ~ C L D ~ ~ O ~ ~ ~ T ( ~ O ) , C R A O ~ ~ ~ ( ~ ~ ~ ) ~ ~ R A O ~ O ( ~ ~ )  
I F ( I C A S E , E Q : ~ )  GOTOSO 
CXNLZ.0. n 
CXNL1NFrn.O 
0 0  1 0  J a 1 , l n l  
C X ~ L ~ ~ G X N L ~ ~ C R A D X N ~ J ) * G R A O X ~ ( J )  
X M A G ~ ~ A B S ( G R A D X N ( J ) )  
C X N L I N C ~ A I ~ A X ~  ( X M A G I ,  SXNLINI ' )  

1 0  CONTINUE 
G X N L Z ~ S O R T  (CXNLZI 
EZNUM80,n 
~ 1 ~ 1 ~ u n m n . 0  
DO 2 0  K.1,lOl 
c~NuM~(GRA~xN(K)-cR'DZ(K))**~.D~~~NUW 
X ~ A G ~ ~ A ~ S ( G R A ~ X N ( K ) - C R A O Z ( K I )  
C ~ N F N U M ~ A ~ A X ~  ( X M A G ~ ~ L I N C N U ~ ! )  

2 0  CONTINUE 
E?NllMmSQRT (TZNUM) 
CRRLZ~E~NUHICXNLZ 
E R R L I N C ~ E I ~ C N U M / G X N W  
cntnao 

S O  c x o L z a 0 . n  
CXOLINF8n.O 
0 0  bO JJ.l,tOl 
C X O L 2 8 C X ~ L 2 * G R A D X O ( J J ) * C R A O X O ~ J , t ]  
X ~ A 6 l s A l R ( G R A D x O ( J J ) )  
G ~ O L I N F ~ A M A X l ( X M A 6 l ~ C X O L I N ~ )  

6 0  CONTINUE 
CXOLZ.SQRT ~ C X ~ L Z )  
C?NUM80e n 
E f N t N U M 8 n e 0  . - . . 

1 
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. 
-. 

0 0  70  ~ ~ m i ; c o l  
E ~ N I I M ~ ( G R A O X O ( K U ) - G R ~ ~ ~ ( K K )  )*.2:itezN11* ORIGINAL PAGE bS 
X M ~ G ~ D A ~ S ( C R A D X ~ ~ ( K K  1-GRAO3(Kl;) ) 
E ~ N F N U M ~ A M A X ~ ( X M A G S ~ L I N F N U I : )  OF POOR QUALlM 

7 0  CflNTINUE 
EENlJM88r)RT (FZNUM) 
E @ R L Z ~ E Z Y U H / C X O L L  
EnRLIN?8E1NfNuM/GXOLINC 
W R 1 T E C b r k b 9 )  

6 6 9  f f I R ~ ~ T ( / / l , i n  . Q ~ x I S ~ ~ R E L ~ T I V I !  ~ I F F L R ~ N C E S  IFTWFCN REQU1REP) 
~ n I T i ; 5 e h 7 0 t  

6 7 0  F n R n ~ l (  l H  ,23XI.?3H AN0 O ~ T A I ~ ; ? ~ )  G R A ~ ~ F N T S )  
WRfTE(brh61)  

hhb F O R M A T ( / / l H  ,qa r ,PnL-E  ERROR) 
8 0  WRITEtb,3O)FRl?LZ 
5 0  CnRMAT(1H , o I X P ~ ( ~ X I T ~ O * ~ ) )  

RFTURN 
END 

c c r ~ ~ ~ ~ c ~ t c ~ c c c c c i c c c c c c c ~ c c c c ~ c ~ ~ ~ r c i ~ c c c c c c ~ c ~ c c ~ ~ c ~ ~ c c c ~ c ~ ~ c ~ ~ c ~ ~ ~ ~ c c  
c c cc  
CC T n I S  SUBROUTX~IE ESTIMLTES L ~ T E R ~ L  SURFlCF T E W P E ~ A T U R E  C C 
CC 8 v  I ISE OF C l IaTc  S P L I N E  I F  T k E  LJsER SUPPLIES A C ~ S C R F T C  SET 0f  CC 
CC LATERAL SURFACE TEUPERATURES, C C 
CC CC 
C C ~ L C C C C C C ~ C C ~ C ~ ~ ~ ~ C ~ ~ C ~ ~ C C C C C C ~ ~ C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C ~ C C C ~ C C ~ C C ~  :CCCCCCCCCCCCCC 

SIJBROUTIt4E $ P L ~ I I E ( X I N T , Y I ? ~ T )  
C ~ N ~ O N / C ~ ~ / X D ( ~ ~ ~ ~ ) , ' ~ ( ~ O O ) , C ~ ( ~ , ~ ~ O ) I ~  
01MENSION C f U ; l f i a )  
CQUIVALEtJCEfC l  ( l r l ) r C ( I r l ) )  
I F ( X I N T - X D ( l ) ) L ,  1,Z 

1 Y T N T 8 V O ( t J  
R t T l l R N  

t 4.1 
3 I F ( X I ~ J T - X D ~ K + ~ ) I ~ ~ U ~ S  
4 Y 1NT8YD (U+ 1 )  

ACTURN 
s I(.K+l 

I F ( ( M - n l  ,GT:O) GOT03 
I f  ( (M-K)  ,LE:O) r = ~ - 1  

b Y ~ N T ~ ( X D ( K + ~ ) ~ X ~ R T ) . ( C ( ~ ~ ~ ) * ( X D ~ K + ~ ) * ~ I ~ T ) * * ~ ~ C ~ ~ ~ U ~  
Y Y N T ~ Y ~ H T + ( X I N T - X D ( K ) ) * ( ~ ( ~ ~ ~ : ) * ~ X ! N T ~ X D ( K ) ) * * ~ ~ C ~ Q ~ N ) )  
RFTURN 
EN0 
S~JBROUTINE COFGEN 

~ c r ~ ~ ~ c c c ~ c c c c c c ~ ~ c c c c c c c ~ c ~ ~ ~ c ~ ~ c ~ c ~ i c ~ c c c c c ~ c ~ c ~ ~ ~ ~ ~ ~ ~ ~ c ~ ~ ~ ~ ~ ~ ~ c ~ C ~ ~ c ~  
CC C c 
cc  r r N n  t n r  s P r . r t q  CURVE FIT C O E C F ~ C I E ~ J T S ~  FOR USL IN CONJUI~C~XON cc 
CC Ul 'TH SU8ROUTf NE SPL I N C r  CC 
CC I N P U T S  C c  
cc M 8 NO, OF D A T A  P ~ I W S  c c 
cc  xn 8 ARRAY or x ( A ~ C I S S A )  VALLIPS C C  
CC YD 8 ARRAY Of Y t O R O I N A l C S 1  VAl UES CC 
CC OlJTPUTS m CC 
CC C s 2 -n  A R R A Y  0 C  S P L I N E  F I T  C~EFFICICNTS ( 4  C n E C F r C I t N T S  C C 
C C PCR T R I P L E T  O r  DATA P O I N T % ) ,  C C 
cc  c e  
C C ~ C C C ~ ~ C C C C ~ ~ C ~ ~ ~ ~ ~ ~ ~ : ~ ~ ~ C ~ C C ~ ~ C ~ ~ C ~ C ~ ~ ~ ~ ~ ~ ~ ~ C ~ C ~ C ~ C C ~ C C C ~ C ~ ~ C C C C C C C C C ~ C  

C n M M 0 ~ ~ C ~ ~ ~ r o r ~ o o ~ ~ ' o ( 1 0 0 ~ ~ C 1 ~ 4 , 1 0 0 ~ ~ ~  
DIMENSION C t 4 , l f i o )  
OtMCNSION P f 1 0 ~ ) ~ ~ ( ~ 0 ~ ) ~ ~ ( 1 0 ~ ~ 3 ~ ~ 0 ~ 1 0 0 ~ ~ Z f 1 ~ ~ ) , ~ ~ 1 0 0 ~  
C~UfVALLNCCtCl(lrl)~C(lrl)) 

C 
N0.M 
M.M-1 

2 M81,,M 
n ( n ) m x o t ~ + i  ) - x n ( ~ )  

I 

. 



ORlGlNAL PAGE ;0 
OF POOR QUALITY 

P ( K ) . O f K ) / h ,  
2 ~ ( K I S ( Y ~ ( K + ~ ) - V D ( U ) ) / Q ( K )  

DO 3 K * 2 r H  
5 R ( C ) a E ( K I - P ( K - I )  

A ( 1 r 2 ) a - l a - D ( l ) / O ( ~ )  
A ( l ~ S ) s n ( l l / D ( E )  
A(ZrZ)r~.~t~(11tP(2))-P(l~*i(l,2) 
~ ( z , s ) a r ~ ( ? ) - ~ ( i ) * ~ ( ~ ~ S ) ) / ~ ( Z , ? )  
R ( Z ) * 8 ( 2 ) / A ( Z r ? )  
DO 4 K. t rH  
A ( K r Z ) s ? . * t P ( K - l ) t P ( r ) ) - P ( ~ - l ) * ~ ( ~ ~ l . 3 )  
~ ( K ) ~ ~ ~ K ) - P ( U - ~ ) * B ( K - ~ )  
A ( K r l ) * P ( K \ / A ( K r Z )  

9 n ( K ) s 0 ( K ) / A ( K r Z )  
o a n ( n - 1 ) / o t H )  
A( l lDr  1 ) a l  . t Q - A t H - l r 3 )  
A ( N 0 t 2 ) r - 0 - A ( t d n r ! ) * k ( n t 3 )  
P ( N D I = B ~ M - ~ ) - A ~ N D , ~ ) * D ( M )  
Z ( N D ) Z ~ ~ N D \ / A ( Y D , Z )  
n0 b  I = l r N n - 2  
KaND- I  

b  ~ ( K ) * ~ ( K ) - A ( K ~ ~ ) * ? ( W * I ~  
Z(l)a=r(l,?)*~(Z)-A(l~~)*Z(3) 
DO 7 I ( r 1 r H  
~ . l . / t b , * b f K ! )  
r ( l , K ) * Z ( K l r R  
c ( ? , K ) * t ( K + ! . ] * O  
C ( ~ ~ U ) . V O ( K ) / O ( ~ ) - Z O ( ) * P ( ~ ; )  

7 C ( P ~ K ) S Y D ( K ~ I ) / D ( K ) ' Z ( K * I ) * I : ( K ~  
nmr* 1  

RETURN 

- .  rlgure C - 2 .  Computer Code List for Problems 

P1-1 and P1-2 (Cont)  



C.4 COMPUTER CODE LIST FOR PROBLEM PI-3 

The comptuer code for Problem Pl-3 is l i s t e d  in Figure C-3. Sefore 
using t h i s  code, the user shorlld review the remark8 made at  the end of Appendix 
A . 4 .  



ORlGlrJLs F,<({c [3 
OF POOR QiJALI-N 

LL 
CC PROGRAM PURPOSE- CC 

c c  c n M P U t E  THE MFLT ZONE SURFACE Cf t r lTRaL FUNCTION I~COUTREC F o r  CC 

CC F L A T  SOLID-MELT INTERFACES AS PFXCRTBED I N  PROOIEH PI-: ANC cc  
cc SOLVEn IN CrAPTFR u OF THC F I N A (  REPCQT (TO N A S A )  E N T I ~ L E F  THE CC 
CC CnNTROL OF FLOAT ZONE INTECF,rCF.f BY THE USE CIF s C L E C T ~ ;  CC 
c c  BCUNDAQY C O ~ G I T T O " ~ -  B Y  SCSEI;CF. APPLICATIONS, I u C .  . CC -- 
CC SOURCE- 
CC S C I F N C E  APPI ICATI~NSI  I N C ,  
CC Hl lWTSvILI .E,  ALAAAMA 
L C  AuT ARS- 
cc  L A .  : n. FOSTER 

JOHN M C I N f f l s H  
RFFCRENCE- 

THE CO+rTRnL C? FLOAT ZOtiC SNTFRFACES 
B ~ U N O A R Y  C O N 0 I T f O N S  ' 
( F I N A L  RFPORT - S A I - ~ ~ / ~ O ~ ~ * , I U )  
SCIENCE APPl I C A ~ I ~ N S  

BY THE USE OF S r L E C f F O  

- - 
CC ~ E w r R K S -  CC 

CC - S l l F f w A R E  nEVELOPEc AN0 T C S I F F  CCC 7 6 0 0 1 b 4 0 i  C C 

CC U N I V A C  1 1 0 8  C C 

CC - ALL  EQ~IATTONS REFEREKCED 11. CIIOE BELOW bRE C C ~ J ~ A I N E T )  I P l  -HE CC - 

F I N A L  4EPCRT- - THE CONTQOL OF FLOAT 7m:~ INTERFACES R Y  ThE CSE r F  
.qELFcTCn AOUNOARY C O l . o 1 ~ f O N S  

NPUT V A R I A ~ L F S  AND FUNCTIONS' 
P - PECLET NUMRCR 
MJUM - r u r g E R  G I  T E Q l l s  rli SERIES E X P A N ~ ~ O N  OF 

TFMPERATURF c~STRI~UTIO~ (THC OFSXRED s O L U T I O ~ : )  
B A S I S  -USER PROVIDED T u ~ ~ T I O N S  TfJ EXPAND THE MELT ZnNE 

SURFACE CONTRCL F~I~ICTIONI SEE €0. i 3 . 0 ;  18) O r  
FINAL REPORT AND S~I~ROIJTXNL B A S I S  PC T H I S  CODE. 

x n . AXIAL P O S I i 1 0 1 i  fli LOWER END OF C v L r r n C R  
X N  - AXIAL P O S I T I O I ;  flc UPPER END nF C r L I N O C R  
NGRID - NUMBER OF G R I D  P q f N T S  USED I N  NUMERICAL 

~ 0 ~ u t I o N  OF 0. 0; F; B O U N O A Q ~  VALUF PaflBLF* 
RESULTING FROM T ~ A N ~ F O R H A T ~ O N  OF P n E  THE !-:ODELING 

RKS 
RKL 
RL 

SI ENGTH 
0 
I H F C  

Ap,n LATFNT HEAT OF F U S I O N  
LFNCTH O t  S f l L I n  O r G I n N S  T O  B E  C O ~ S I O F R E C  
, LENGTH OF MELT ZnfiE - 1 I F  A D I S C R E T E  nATA P n I N T  FORM nf TUL Z U S ~ A C E  
TEMPERATCRC IS U S L ~  P R o v r o E n  
0 IF A USER  DEFINE^ FUNCTIONAL FORM OF 
S u R r r C E  T E M P F ~ A T U R F  I S  P q O v I D E D  
r USER PROVIDED DATA P T S  FOR THE A y i A L  D ISTANCC 
(xn) &NO CORRESPnNnXNC ~I IRFACE T E H ~ C R A T U R C  ( y o )  
r VuwrER OF D A T A  PrS, INPUT I F  fHFr s I 

Figure C-3. Compute1 ~ d e  List For 
Problem t 1-3 



Figure C-3. Computer Code List For 

. 

Problem Pl-3 (Cont) 
oHiGlNAL PAGE 

C-34 OF POOR QUALITY 

& 

CC SET 10 o I F  I I I F C  a 0 C C 
cc ~ f c  - USER PROVIDED (IF IHCC a O )  S l l R f i C E  TEM~ERA'IJRE cc 
C c F l r r C T I O N  CC 
cc CASE LIYITS - THIS PROCRAH ~ F H F K A T E S  THE S U R I A ~ C  cnwtrn~ cc 
CC FUNCTIONS FOR V I R I n U S  C O u R l u A T I O N S ~ C F  TME I t !Orx cc 
cc  L I M I T S  *TERN n N b  N9YS (SEE Fa.  (a,n,la) - (0.0,23) CC 
C t CF FINAL REPORT], +d DFFINC THESE ~ ~ M B T N A T I O N S  cc 
C c MINTLRH - rue WIN~MU~ ALI.OWFO V A L U ~  CC 
C C CF ~ T E R *  C C 
CC , r 4 x T E R m  - TME *AXTMUY ALI.OUFD V A L U ~  C t  
CC CF MTER* C c  
c c DFLTER* - I~ICREMENT OF M T E C ~  FRnm r * r ! t t r R n  cc 
C C TO MAXTERM CC 
c c MIMNSYS - TUE r t N T w U w  ALLOUIO v r ~ u e  Of NSYS cc 
C C MAXNSYS ?WE M A X ~ M ~ M  ALI.OYFD VILU~ OF N S ~ S  cc 
CC DELTERV - I ~ c Q t - E r t  or  ~ S Y S  r ~ o r  MIN~JSYS cc 
C c f 0  uAXNSYS CC 
CC Ol*TpUT V A Q I A B ~ . E S -  CC 
EC TMOLD - TEMPERATURE D X S T Q ~ B U T T ~ N  ARRAV FnR EACH REG;ON cc 
CC - SEE SURROUTIMC MFLT OF cO0F CC 
CC GRInXO - AXIAL THERyaL G R ~ O I E ~ T  AT X O  FOR 9EG1f)Nt.  CC 
C c ( X O  I S  SET TO 0 FnO UPPER S O L I D  R E ~ I ~ N ,  At;D T r  CC 
C C NEGATIVE SLEb1CTh FnR L ~ ~ F R  SOLID R ~ t t O w l  CC 
CC GRAnXN - A X I A L  THERMAL C R r C I E w T  XN FOR R E c l O u t .  C C 
LC (XN I S  SET ~ L € N c ? H  O FQR U P P E ~  SOLID REGZOND CC 
C C AN0 TO 0 FOR LOLER SOLID REGION) C C 
CC GRADAT0 - ~ x I A L  THERMAL c R ~ O I E W  A T  l o t ton  CF MELT ZOr:t cc 
c c r s c E  HAIN OF COOFI cc 
CC GPAOATQ - A X I A L  THERMAL G R i t I E w T  A T  TOP OF I l L L T  Z f N E  C C 
c c (SFE M A I M  OF COCE) cc 
cc CPOLY - A R R A Y  o f  C O ~ F F ~ C ~ C N T S  VSEO TO E X ~ ~ N D  TMC FELT cc 
c e  SUQFACC CONTROL cuuctxnn (SEE €a. i4.0;lb) QF CC 
CC F I V b L  REPORT ANG SI~~RO~JTIYES HEl.71 AND UFC O f  CC 
LC cone 1 CC 
CC EPRLZO - TVE a € L ~ T f V E  LZ ~ ~ X F F E R F ~ C E  BET*EEI: THE C C 
C C D E S I ~ F O  GRADIENT A ?  XtXO AND THE G o A D I ~ ~ T  C C 
c c CIBTAI~ED er ~ 3 x 1 ; ~  S U ~ F A C C  C ~ N T W C L  FI~NCT:OI!. cc 
CC EQRLZQ - THC ~ I I L A f I V E  Li? PIFFERENCE B E T * E f l l  T r €  - CC 
C C ~ ~ $ 1 9 6 0  GRADIENT A +  XaXN AND TUE C R ~ D I C N T  CC 
C t  O a T r I N E D  8r  US1l.C ?HE S U ~ F A C ~  CONTaOL nUNCTfOl:, CC 
CC USER SUPPLIED M A T H M A T I C A L  SOrT i ibRF-  c c 
CC - A L E A S T  SOUARES ALC;~QTTH~: 7 n  F:T f i  FUNCTI~N t o  A L I N ~ A R  CC 
CC C O H ~ I N A T ~ O N  OF SZLFCTED FUt:C?IfluS CC 
cc - AN ALC~RIT~M TO EVALUATE UESSFL F~JNCTIONS  REQ QUIP^^ f~ C C 
cc S~IBRO~TINC ,101 C C 
CC - A NUMERICAL INTFGRATIOPJ R O ~ T I N E  (REouIRFD I N  ~ U B R ~ U T ~ N E S  CC 
CC :YTECLl AN0 INTEGLZ) C c  
c c CC 
ccrc~cc~ccccccccc~iSccccccccccccccccc~~cccccc~ccccccciccccccccccccccccc~ 

PROCRAM YA~N(INPUT.OUTPUT,TAPE~XINPUT~~APL~=OUTP~JT) 
c MAIN***ORIVFR 

C O H * O N / R ~ A ~ ~ / P ~ ~ T E R ~ ~ ~ S U M ~ X O ~ X N , ~ C R ~ D ~ N ~  
c ~ n * o r ~ ~ c ~ i ~ ~ n r ~ r e ~ z o . s o s ~ , ~ ~ c ~ ~ r ~ o r ~ , r ~ ~ o ~ , c ~ ~ o ~ r i ~ r o r ~ , ~ ~ ~ a x o c l n ~ ~  
C ~ H ~ O N / C Z ~ / T C A S F , T ~ E L ~ ( ~ )  
C~~MON/CZ~/RIS.RKL,~L~NSVS 
C O ~ ~ O N / C ~ S / S I A D I T D ( I O ~ ) ~ G R A D A T ~ ~ ~ O I  ) O Q W ~ I  ( 2 0 )  D R & ~ ~ ? ( ~ O ) , S C ~ G )  
~ ~ ~ ~ ~ l ~ 2 0 ~ ~ 0 ~ r ~ ~ ~ T 2 ( ~ O ~ 1 ~ ~ ~ ~ ~ ~ f 4 ~ ~ ~ 0 ~ ~ 1 ) ~ ~ t ~ ~ ~ ~ ~ ~ ~ ~ l ~ ~ 0 ~ ~ 1 1 ~ ~ ( ~ 0 ~  

C ~ R W O N / C ~ O / ~ L E N ~ T H  
C O H ~ O N ~ ~ 3 2 / ~ o r 1 0 0 ) ~ ~ ~ ( 1 0 O ~ , c t r a , i 0 0 ) ~ *  
D r R t N S I O n -  R ! l o l )  

~ ~ r ~ ~ ~ c c c ~ ~ ~ ~ c ~ c c ~ c ~ ~ ~ c ~ ~ ~ ~ ~ ~ ~ ~ ~ c ~ ~ ~ ~ i . ~ ~ c c c c c ~ c ~ c c c ~ c i ~ c c c c c t c c c c c c c c ~ c c  
CC 
CC DFTERMINF TFMPEQATURE DISTRIOUT?~N rnn ~ ~ A O I E N T ~  FOR u r P E R  

C t  
C c 

CC S O L I D  REEIOU 
CC 

C C 
c c ccrcCccccecccc~ccicccccccCccccccccccc~~cccccc~cccc~cc~cccccccccccccccccc 

J 



F i g u r e  C-3. Computer Code List For 
Problem PI-3 (Cont) 

i 

r c A s E = 3  
r R I ~ E ( a . c o )  

l o  F~R*AT(~HI,J~x,?zw!I  P P E I! s o L C )  ORIGINAL B&ZE 63 
CALL INPIIT 
x k r a + S L E ~ C T n  

OF POOR QUALITY 
i n t p  
CALL YELT 

L C ~ C C ~ C C C ~ C ~ ~ ~ ~ ~ C ~ ~ C ~ ~ ~ ~ ~ C ~ C C C C ~ ~ C L ~ ~ ~ ~ C ~ ~ C ~ C C ~ C C C ~ C C ~ C C C ~ C C C C C C C ~ C C ~ C ~ C  
CC c C 
CC CflMPUTE cRAnfENT I N  * E L I  ZCNC AT UPOEa 1 k t E P F l c ~  (SEE COUA'ION CC 
CC fYC .  I-,?! A N D  STORE RESULT 1'; CPAOATQ C C 
cc C c 
C C ~ C ~ C C C C C C C C C ~ ~ C ~ ~ ~ ~ C ~ ~ C C ~ C C C C ~ C C C ~ ~ ~ C C ~ ~ C ~ C C ~ ~ C C C C C ~ C C C ~ C C ~ C C C C C C C C C C C  

00 2 0  I = i * l n l  
C ~ A ~ A T O ~ I I = ~ R K ~ * C ~ A ~ X O ( I ) + R L I / ~ K L  

2 0  CnNTIHUE 
C C ~ C ~ C C ~ C ~ ~ ~ C C C C C ~ ~ ~ ~ ~ ~ ~ C C ~ C ~ C C C C C C ~ ~ ~ C ~ ~ ~ C ~ ~ C ~ C ~ ~ ~ C C ~ C ~ ~ ~ C ~ C C C C C ~ C ~ C C ~ ~  
C C CC 
cc DETFR~IWE TFMPEQATURE OISTRI~~ IJ~~PN AND G R ~ ~ J ~ E N T   OR LOEE!? CC 
CC SGLrD REGICY CC 
C C cc  
C C ~ C C C C ~ C C C C ~ ~ ~ C C ~ ~ ~ C ~ C ~ C ~ C C C C C C C C C ~ : C ~ C C C C C C C ~ ~ C C C ~ C C ~ C C C ~ C ~ C C C C C C C C C C C C  

I C i S E t Z  
* R I T E ( b r 3 0 )  

3 0  F n R ~ A l ( l n l r n 8 y . Z Z M ~  0 Y E I! f 0 L r 0) 
CALL I N P I l T  
x t r r o  
xn=-sLE*dCtH 
CALL 

~ ~ r c ~ ~ ~ r ~ ~ t ~ c c ~ t ~ r c ~ c ~ c c c ~ ~ ~ ~ c c c c ~ ~ t c i c c c ~ c c c ~ c ~ c c ~ ~ c ~ ~ c c r c c ~ ~ ~ ~ ~ c ~ ~ ~ ~ c ~  
CC C C 
cc C ~ ~ H P U T E  GRAPIENT IN * E L I  ZCkC AT LOVES INTEPFACF (SFE COUA~ION cc 
CC FZ4, FIG, 1-21 AND STORE QESI.LT I N  GRAOATO C t  
CC C C 
C C ~ C C ~ ~ ~ ~ C ~ ~ ~ ~ ~ C ~ ~ ~ ~ ~ ? ~ ~ ~ C ~ C C C C ~ ~ C C C C ~ ~ ~ ~ ~ ~ ~ ~ C ~ C C C ~ C C ~ C C C ~ C ~ C C C C C ~ C C C C ~ C  

O r  UO Iaf,lnl 
G ~ A ~ A ~ o ( ~ ) ~ ~ R K s ~ G ~ A ~ x ~ ~ ~ ~ + ~ ~ L ; / R ~  

U O  CONTI@lUE 
C 
C 

~ R I T E C ~ , U O O I  
nOJ F C R r ~ r ( l ~ l , t a r , 5 t , w r  E L 1 Z n N E T H E R kt A L t s r n r  

O F N T S )  
n o 1  r n a w r ? ( / , l ~  , S O X , Z ~ M A  t I r r E a r A c E) 

r a I T E ! b , n O i )  
n R f T E ( b r 7 2 )  

72  F0RrAT!///,oar,lrQ,7Y015~CR~b. B T  XI ~ . O , ~ Z X . ~ ~ ~ G ~ A O .  AT X r  Q) 
* ~ : ~ E ( b * 4 0 ~ ?  

n n 2  FORwAf(/,:n ) 

DO 007 K K = ~ , ~ c I  
R r U K ? n ( u u - i ) . ~ . n l  
* ~ I ~ E ( ~ , ~ ~ ~ ~ R ( ~ ~ ) , G R A O X O ~ ~ K ~ , ~ . R A G ~ N ~ K ~ )  

1 0 0  ~ O a u r r t t w  , ? ~ x , f 8 . b r 3 X r E 1 : , 9 , 7 ~ , E i t , P )  
ou?  C ~ P J T X N U E  

C C ~ C C C ~ C C ~ C ~ C ~ ~ ~ C ~ C ~ ~ ~ C ~ ~ C ~ C C C C C ~ C C ~ ~ ~ ~ C ~ C C ~ C C C C C ~ C C C ~ C C C ~ C ~ C C C C C ~ C C C C C C  
cc  C t  
CC DF'IFRWI'JF: P f L T  ZONE CONTROL r u F l r ? I O N  (EQUATION i ,0,18)  At10 C i  
CC QFSULTING TFMPEQATU@E O I S T R I C U T T C ~ ~  CC 
C i  CC 
~ ~ r c C ~ c r c c c ~ ~ c c ~ c r ~ t c ~ c ~ c ~ c c c c c ~ ~ f  c r c i ~ ~ c ~ ~ c c ~ c ~ c ~ c ~ c ~ ~ c c r ~ ~ ~ c c ~ ~ c ~ ~ ~ ~ c c  

I C l r S E r  1 
k R I ? E ( b , q 8 3 )  

a 8 3  F ~ R U r T ( l n ~ , ~ O X r ~ 8 ~ ~  E L T 2 n N E l  
CALL I N P I I T  
CALL " E L 7 1  
StCP . 

A 

J 



Figure C-3. Computer Code List For 
Problem P1-3 (Cont) 

* 

C NO 
~ ~ ~ C C C C ~ C ~ ~ C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C ~ C ~ C C C C C ~ C C ~ C ~ ~ ~ ~ C C ~ C ~ C ~ C C C C C ~ C C C ~ C C C C C C C ~ C C C C C C  
LC C c 
Cc PIIRPOSE C C 
CC - OETCR"fNE MELT ZONE T E W P ~ Y A T I I D ~  o ~ S T R I R U T I O N  C C 
cc . -  cnnPurr R ~ ~ b l l v E  €PROPS n L T u ~ . f h '  cRA~I~NTS O E O t l i R E n  A: ~ n c  CC 
CC MELT Z ~ N E  IPJTFRFACES rho rl,nsr O B T A ~ N ~ O  U S ~ C  :HE S U r F I C C  CC 
C C C'INTROI. F t l k C  T TPN CC 
C c CC 
c c r ~ C c c r ~ ~ ~ ~ ~ c r ~ c r ~ ~ ~ ~ c c c C c ~ ~ ~ c c c c ~ c c r c c c c c c c ~ c C c c ~ C c ~ C c ~ c C c ~ C c C C c C C ~ c c c  

SllBROUTTNL FOSTER 
C F ~ M O N / ~ F A C ~ / P ~ * T C P @ ~ ~ ~ U W ~ X O ~ X ~ ~ ~ ~ ~ G R ~ D , ~ ~  
~nN~Or~;~~i~t~~T~(r~20.SO5~.TwC~Pr10i).T(~0l~Ca~Dr~r~lnl),GRACxO(lni~ 
cnnmti/c;?r/rc~st.rmr~Tts) 
c n n m o ~ v c z c / a K s . n K L .  ~ L L N S V ¶  
C ~ M ~ ~ N / C E ~ / C R ~ O A T O ( ~ O ~ ~ ~ C R A O A T O ~ ~ O ~ ) ~ ~  ( ~ ~ I D R G s ~ ( ? o ) ~ s ( z o ) ~ ~ ~  
~ A ~ A T ~ ~ ~ O r f 0 ~ r r ~ r ~ 2 ( f ~ ~ l 0 ~ r i ~ ; ! ~ ~ a , 2 o ) ~ ~ n ~ ( ~ 4 l ~ ~ ~ ~ ( 1 ~ o 0 l , 1 ~ ~ ~ t 2 0 )  

c n r r o t J / c a o / s L E N c r n  
x n s o  
X N t O  
C A L L  MELT 

C 
GATOLZ=O,O 
G A ~ O L X N = ~ . O  
G A T ~ L ~ ~ O , ~  ORIGINAL PAGE 
CATOLIN.fi.0 
0 0  50 J = t . l n l  OF POOR Q u A L ~ ~  
GAT~LZSGATQI ~ + c ~ r o r ~ o ( ~ ) * c ~ r c r ~ n i ~ )  
GATOLZIGATOI t t C a r O ~ T o t J ) * C n A 6 ~ T n ( 1 )  
x ~ A c l a r l s ~ G a A o A T 0 ~ J ) )  
X H A G ~ = A ~ ~ ( C R A O A T O ( J ) )  
t A T 0 L I N r r n ~ x l  ( X M r C l  ~ G A T 0 L I I : l  
G A T O L I N a r M r X l  ( X M A C Z D G A ~ O L I I ; )  

SO CnrcTI ' IuE 
GAToLZ=SnRT r C ~ l o l Z 1  
t A t t a L ? t s n n T r G r t q L Z )  - 
E?Nl lnOsOeO 
E?Nllna.o * 2  
ENFNO=O.fl 
ENFuOmo. n 
0 0  60 K * * . l n l  
E~NIIWOI(CRA~AT o~K)-CRAOXO(I : )  ) **?.O+EZWJ*O 
E ? N ~ I M ~ ~ ( C ~ A ~ A ~ ~ ( K ~ - ~ R A O X N ~ K I ) ~ ~ ? . O + E Z Y U ~ ~  
X ~ A C ~ ~ A ~ S ( ~ ~ A ~ A T O ~ U ) - C R A O X O ~ K ) )  
X M A C ~ ~ A ~ S ( G R A D A T O ( U  )-bRADXI.O;I) 
E N ? N ~ ~ A M A X ~ ~ X M A C ~ * E N ~ ~ ~ ~  
E N F N G r r M A X l r X r A C a , E N F N o ~  

6 0  C n N T I W U t  
E Z N U M O ~ S A R T ~ ~ ~ N U M O )  
ELNII~O=SIYRT r PZNUMQ) 
E ~ L ~ N ~ O ~ ~ N F N O / C A T O L I N  
E ~ L I N ? O ~ F N F N Q / C A T O L I N  
ERRLZO~E?NUMO/GATOLZ 
E * R L ~ Q ~ E ~ N U M Q / G A T O L Z  
" R I T E ( 6 ~ h 6 9 1  

h 6 9  F n R W A T ( / / / , t n  , 4 6 x e 3 7 * R € L A T I V F  ~ I F F E R F N C E S  SETUFCN REOUIREO) 
* R I T E ( b r h t O )  

h7o FnRWAT(1n  , S j X * R 3 H  AN0 O8TAfl.Efl CRADIFNTS)  
* R I T E  (00hb61 

hbb F n R r A T ( / / , l r  ,54XoQHL12 ERROR) 
w R I T E ( b ~ h 6 7 )  FRRLZO 

h 6 7  F P R M A T ( l n  ,azx1anAl 0~2(9X, l ;o ,q ] )  
* R I T E ( b , h b 8 1 C R R L 2 0  

hba Fl'!RMA?(lM *aZXeONAT O D ~ ( P X ~ ~ ~ O . T ) I  
RCTIIRN 
END - -- 



cnnio~;ct;El~~otjoi,~l (ZO)eJlLAY(ZO) 
C ~ I ~ M O P I / C ~  O / A S C R ~ P ~ Z O ) ~ ~ S C R ~ P ( Z ~ ~  ORIGINAL PAGE tg 
c n H ~ r l t i / l ) r ~ O t / P , r f E P ~ , ~ S u ~ , X o , r ~ , ! : t ~ I D , ~ @  
c ~ ~ w 0 ~ / ~ Z / R r l o i 1 , P S I ~ Z 0 ~ 1 0 1 ~ ~ S ' 1 1 1 ~ 2 ~ )  

OF POOR QUALITY I 

F i g u r e  C-3. Computer Code L i s t  For 
Problem P l - 3  (Cont) 



Figure C-3. Computer Code List For 
Problem P1-3 (Cont) 

A 

S O J l ( f ) s J t  ( I ) * J l ( I l  
ZbL CIlNTINUC 

~ ~ r ~ ~ ~ ~ r ~ c c c c c ~ ~ c r ~ ~ c r : c c c ~ c c c c c c c c c c c i c c c c c c c ~ c ~ c ~ ~ C ~ ~ ~ c c c ~ c ~ ~ ~ ~ ~ c ~ C ~ ~ ~ ~  
c c CC 
CC FTNn COWS FCR RFSSEL EYPAt:S10t411 Of A t ~ l r A ( 1 )  AMP B tR ) -OC l ]  c c 
CC SF€ EOUAt1OuS (?.2.17) AND (2.2:ia) O r  f t k r L  REpnRt  CC 
C c C t  
C C ~ C C C C ~ C C ~ C C ~ ~ ~ ~ C ~ ~ ~ ~ : ~ C ~ C ~ C C : C C ~ C L C ~ ~ ~ ~ ~ ~ ~ ~ C C C C C C C C C ~ C ~ ~ ~ C C C C C C C C C C C C C C  

CALL r r c  r i .n,rO?l)  
CALL BfCr l ,n,ROFl)  
On 2 0  I ' l r l n l  

R ( I ) a ( ? - l 3 * O . n l  
R n O ~ o 8 R C f l  
CALL 4FC (RHOLOIANS) 
A t 11 rAMS-A0f 1 ORIGINAL PACE a 
CALL R~C(RHPLO,  ANSI OF POOR Q U A L ~ ~  
B(I)=ANS-ROF1 

2 0  cnF ; t I t l uC  
CALL COEFS(RIA*~O~;ZOIASCRIP) 
CALL C0EfS(ltB.l01~2016SCR:P) 

C C ~ C C C C ~ C C C ~ C ~ C ~ ~ ~ C ~ ~ ~ ~ C ~ C ~ ~ C C C ~ C C C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C ~ C C C C C C ~ C C ~ ~ C C C C C C C ~ C ~ C C C C  
C C c c 

c t  SnLVE FOR THETA BAR OF EOUiTfON9 (2.2,19) BY S O ~ V I N G  t l i E  C C 
cc T P I ~ I A c O N A L  SYSTEM (2.2.20) -  SF^ FINAL REPORT CC 
C C C C 
C ~ ~ C C C C ~ C ~ ~ ~ C C ~ ~ ~ ~ ~ C C ~ ~ ~ C C ~ C C ~ ~ C C C C C ~ ~ ~ ~ ~ ~ ~ ~ ~ C ~ C ~ C ~ C C ~ C C C ~ C C C C C C C ~ C C C C C C  

~ x ~ ( x u - r a ) / w t ~ ~ n  
OX2.OX.OX 

- La!4ORIO-* 
on 565 r m l r r S U w  

DO ao I=~.L 
A l I l r l , n + D X * P / 2 . 0  
~ ( I I S ~ ~ ~ O ~ O X ~ * ~ ~ A ~ ~ ( ~ ~ * ~ ~ A H I , ( ~ )  
C ~ I I a l . ~ - O X * P / 2 . O  

xsxa+I.Gx 
CALL G ~ A R ( M # X O A N S )  
0 ( 1 I a O X > * A N ~  

40  Cf lNTIY l lE  
~ ( l ) r ~ f l ) ~ ( l  ~ O ~ O X * P ~ ~ , O ~ W ~ S C R ~ ~ ~ ~ ~ * S O J ~  (M)*o.+ 
~ ( L ~ ~ O ~ L ) ~ ( ~ ~ ~ - O X * P ~ Z ~ O ~ * B S C R T ~ ~ P ~ * Z O J I ( ~ ~ * ~ . ~  

CALL t R r n r c ( L )  
on SO ~.Z.NGRID 

I I r I - 1  
THETAB(M,T)sV( I I )  

SO CONTIYl lL 
~ s t ( l P m ~ C R ~ o + i  
T n E T r e r u ,  c ) S A S C R ~ P ( M ) * S Q J ~  t ~ l I 2 . 0  
T U E T A B ~ M ~ N S ~ ~ P ) S ~ S C R I P ( ~ ) * ~ O J ~ [ ~ ) / Z , ~  

~ b s  CflNTINUE 
OAo 1 .O/NR 
HRSTOP=NR+L 
on ho IS~,NRSTOP 

R ( I ) 8 ( I - l ) r O R  
on b s  n=l,usu* 

P S I ( M V I ) S P ( M * R ( ' ) )  
05 CnNTIN l I t  
00 CnNTIHUC 
c c r c ~ ~ c c c c c c c c c c c ~ c c c c c c t c c c c c c c c c ~ c c i ~ c c c c c c ~ c ~ c c ~ ~ ~ ~ ~ c c c ~ c c c ~ ~ ~ c ~ C ~ ~ c ~  
c c C C 
CC PRINT TEMPERATURES C C 
c c c c 
c c r C C C c ~ c c c c c c c c c ~ c c c c c c c c c C c ~ c ~ c c ~ c c ~ c c c c c c c C c ~ c c c C c ~ ~ c c c c c ~ ~ ~ C ~ c C C C ~ c e  

I F  (rCASE,LO,3) GOTOb7n 
*RITE(b ,30)  

3 0  F ~ ~ ~ ~ T c l n i , ~ t ~ , 2 Z n ~  0 u E R 0 L r 0) 
-'- GnTn679 

+ 

J 



Figure C-3. Computer Code List F o t  
Problem PI-3 (Cont) 

J - 

h 7 8  CflN?I1IUE 
* R I ? E f 6 r  4 0 )  

1 0  F~RMAT(~HI,<ZX,~,?MU P P E R T 0 L 1 0) 
c79 CflNTIUUE 

* Q f T E ( b , 7 0 )  
T O  f n R n r T ( 1 ~  , ~ s x , o s u  T E r P F o r T u a E n :  5 7 a f 3 U 1 I o 

I N )  
1 r L A t r n  
MaICHTab 
M I  E F T = t  

l 8 n  Cnl rT INuE 
I~(~JESTOP.LF.~RTGMT)TFLAC=~ 
H ~ I C H ? ~ * T N O I N R S T O P ~ M R ~ G H T )  
URITE(6 ,  ~ ~ ~ ~ ( R ( . ~ I ~ J = ~ L E ~ T * ~ : R ~ G H T J  

0 9 0  FORUAT(////,,IH , 1 7 x , ~ ( F l 2 . 8 , 5 X ~ )  o R l ~ l ~ A L  pM5 13 
H R I T E ( b , z b 7 )  ( A L P H ~ ( L ) ~ L ~ ~ , ~ ~ ~ I G M ? )  

7 b 7  F n R ~ A T ( 1 H + , i 7 x , h ~ l 7 )  
OF POOR  QUA!-\^ 

w a I T E ( b , ? b B I  (STARCL) , L t l r t ! R 1 G M ~ )  
7 6 8  F ~ R M A T ( ~ H o , I S X , ~ A ! ~ )  

On 2 0 0  In l ,NSTOP 
I S K I P = I - 4  
Z h 0 L D = ( I S K ~ P + o . ~ ? o o O O 0 ~ 1 ) / 1 : ) . O  
XHOLC=(ISKIP/IO,O!-I~~~D 
IF(xH~LO,CT;O.O~~S) GOTOZOO 
I r = ~ S T ~ P +  9 -I 

x*xn* t  II-I)*OX 
0 0  2 0 2  J=rt.EFT,Mf?ItHT 

C C ~ C C C C C C C C C ~ ~ C ~ ~ ~ C ~ ~ ~ : C C C C C C C C C O C C C ~ C ~ ~ C ~ C C ~ ~ C ~ C C C C ~ C ~ C C C ~ C C ~ C C C C C C ~ C C C C  
C c c c 
CC ~~FTFG~* I~F TFUOERATUQE 4 7  ( X 0 8 ( . 1 9 1  Ci? 
C C  SEE E ~ U A T I C W  (2.2.14) OF F I N A L  OE?CaT CC 
cc  c c 
~ c r ~ ~ r c r ~ ~ ~ c c c r c c r ~ ~ c c c r : ~ ~ c c c c c ~ ~ c c c c i c c c ~ c c c C c ~ c c r C c ~ ~ c c c c ~ ~ ~ ~ ~ ~ c C ~ ~ ~ c c  

fYCLD(J?ro,O 
00 2 n a  USI,*SUM - T H ~ ~ ~ ( J ) ~ T H ~ L D ( L ~ + ~ , O + F S ~ ~ ~ : ~ J ) * T ~ ~ T ~ B ~ ~ ~ I ~ ) / S O J I ( ~ )  

t o l t  CONTTNUF 
CALL ~ F C ( X , A N S )  

T H O L ~ ( J ~ ~ T H O ~ D ( J ~ + A N S  
Zb? cONT?NUF 

~ R I T F ( 6 , Z l o l X r  ( ~ H ~ L D ~ J ) , J x ~ ~ I . E F T ~ P R I ~ H ~ ~  
7 1 0  FnREhTC5H X s t F l O . b r 5 ~  tb (E15.8 ,ZX) )  

2on C ~ I N T ~ N I J E  
IF( IFLAG.FO. 1)GO TO 2 2 0  
M R I C H T ~ M R T G W T + ~  
MLEf?*WLEFT+b 
Gn TO 180 

2Zn C~NTIYIIE 
C C ~ C C ~ C ~ C ~ C C C C C C C ~ C ~ ~ ~ C ~ C C C C C C C C C C C C C ~ ~ C C C C ~ C ~ C C C C C C C ~ C C C ~ C C C C C C C ~ C ~ C C C C  
cc  C t 
C C  C ~ H P U T E  THERMAL G R A D I E N T S  A T  rave ANO X N  c C  
C C ce  
~ c r c C ~ c r c c c c c c t c c t c c f  ~ ~ ~ ~ C ~ C C C C C C ~ ~ ~ ~ ~ ~ C ~ ~ ~ ~ ~ C ~ C ~ ~ C C ~ ~ C ~ C ~ C C C C C C C ~ C C C C C C  
39s CflhTI t lUE 

1f (ICASE.EQ:~) 2 0 7 0 3 8 1  
w Q I T E ( b r  3 0 )  
C n T n 6 8 2  

h a l  c n m r r d u c  
~ * I T E ( b r I O )  

h 8 Z  CflNTINUE 
MnIrE t b r  7 1 )  

7 1  F ~ R U A T C I H  ,O'JX,~SF( T H E R n A t G R A o r E ri T 3 )  
w R I T E ( b r 7 2 1 ~ 0 , X N  

72 F n R n r ? ( / / / , o s x , l n ~ , S x , l l n t ~ 1 0 ;  A T  x s , ~ 1 0 ~ 5 , 1 u r  G R A D ,  AT X=,Fln.s 
2, I / )  

On ? 3 0  I u t , ? o i  

1 



CALL J ~ ( V A R ~ Y )  
P % I ( n , r ) s v  

24n CnF;TI)4UE 
a3n CON?INUC 

ORIGINAL PAGE is 
OF ~ 0 0 2  QUALITY 

- 
ons-ox 
Df'i ESO 181,101  

D n  2 b 0  J+!,S 
t(J).O.fi 
0 0  2 7 0  w t  1 ,  YS I l k  

T ( , I I + ? ( J ) * ~ . o * ~ ~ ~  ( ~ ~ I ) * T ~ F ? A ~ ~ M ~ J ) / S Q J ~ ( ~ ~ )  
27n CONTINUF 

X8XO+(J-l)*DX 
CALL u f c ( x *  ANSI 
t (J )=T( . t l *ANS 

2bn CnHTIN l lE  
on 2 9 0  J=A,IO 

TCJl8O.n 
JHOLO=NSTOP-J o+J 

00 2 9 0  n = l , r s u n  
T ( , ~ ] ~ T ( J ) + ~ . o * P S I  (n, X ) ~ T H F T A B ( ~ , J H O L D ) / S C J ~  (u) 

29. c n t r t t ~ ~ u r  
X*XO+(.IHOI.D-I *OX 
CALL U F C ~ X ~ A N S )  
T ( . l l t l ( J l * ~ N S  

aan CPYTII:UE 
C C ~ C C ~ ~ ~ ~ ~ C C C ~ C ~ ~ ~ C C ~ C : ~ ~ C C C C C C C C C C C C ~ : ~ ~ ~ ~ ~ ~ ~ ~ C ~ ~ ~ C ~ ~ C ~ C C C ~ C C C C C C C ~ C C C C ~ ~  

CC C  C  
c C ~ C C C C ~ C C C ~ ~ C ~ ~ ~ ~ C ~ C ~ : C ~  C C C C C C C C C C C C ~ ~ C C ~ C C ~ C C ~ C ~ ~ ~ C C ~ C C C ~ C C C C C C C ~ C C C C ~ C  

G ~ ~ ~ X 1 4 ( 1 ) ~ ( r 3 ~ ~ ( b ~ t l b * ~ ( 7 ) - ~ 6 * ~ 1 8 ~ + ~ 8 * ~ ( 9 ) - ~ ~ * ~ ~ ~ 0 ) ) / ( 1 ~ * 0 0 ~  
G ~ A D X O ( I ) r ( - 3 * T ( f ) + L b * ~ ( ~ ) - ~ i ~ * T f 3 ) + U d * T ( - * T (  1 ) ) / ( 1 2 * O X )  
I S K I P a I - )  
I~aLo=(~suIP+o.nooooo~i)/~o,o 
~ ~ O L O ~ ( I S K I ~ / ~ O . O ) ~ ~ ~ O L ~  
IF(X~I~LD,CT.O.OOS) G O T O Z ~ O  
~ ~ I T E ( b r ~ O O ~ R ( I ) r G R ~ D x O ( I l , G R ~ P ~ l ~ ( I ~  

t o 0  fnRnAT( !n  ,~9X,f8,btSX,El7.~,7X,E17,9) 
2513 C O N T I r r u t  

R f  TURN 
EN0 

C C ~ C C C C C C C C ~ C C ~ C ~ ~ C ~ ~ ~ ~ ~ ~ C C C C C C C ~ C C ~ C ~ ~ C ~ ~ ~ ~ ~ C ~ C C C C C C ~ C C C ~ C C ~ C C C C ~ C C C C C C  
CC cc 
CC T H I S  3U8RaUTINE A P P R ~ ~ I " ~ A ~ E S  ( f l i  F I N I T E  O I F F L R E ~ C E )  G OAR O f  CC 
cc EQUATION (2:2.16) of FINAL ~ C P ~ R T  c c 

LPSLON#O,O~ 
X 1 +X-EPSI.ON 
XZ.XtEPSI.ON 
CALL HfCf%,ANS) 
CALL HfC(X1,ANSl )  
CALL HfCIX2,ANSZl  
G.P*(ANSZ-ANSI l / ( Z 8  O*EPSLOf;) 
G ~ G - ( A N S ~ + A N S ~ ~ ~ . ~ * ~ ~ S ~ ~ ~ ~ P S ~ ~ H ~ E : P ~ L O Y )  
A ~ S m G * J i l . r M r n )  
RCTURN 
EN0 . . 

Figure C - 3 .  Computer Code List For 
Problem Pl-3 (Cont) 



. - - . . . - . . 

1 2  F D R H ~ T ( E ~ O . ~ O ~ ~ ~ ~ O )  
h R I T E ( b r t 5 )  

25 F ~ R M A T ( ~ ~  , o w  P  N G A I D  N R "SUM) 
* R I T E ( 6 r t 4 )  P ,  NCRID,NR,n$ur  

1 4  F O R M A T ( P ? O . t O D S I l O )  
R E A ~ ( S , ~ ~ ) ~ A ~ T E ~ ~ ~ ~ I F ~ T E R ~ ~ ~ ! A X N J ~ S , ~ I N ~ S ~ S ~ O E ~ . ~ E ~ I ~ , O ~ L N C Y S  

1 6  F n R n r t ( i n I S ,  
w R I T E ( 6 ~ 7 9 9 1  

790 FOPMAT( / / ,  1~ ,pX,57nMAXTERt: n i r ; T ~ ~ n  DFLTFRH M A  XNEVS MINNSY 
S  D E L Y S Y S I  

u @ I f E ( b ,  ~ ~ ) M A X T F R ~ , ~ I ~ ' E R M , D C L T F R ~ ~ ~ A X W ~ V S ~ ~ ~ N ~ ~ ~ Y S ~ O E L N S Y ~  
18 Ff lRMATClH , G X 0 6 ( 5 X , I S I )  

RFTllRM 
c c r ~ C ~ ~ ~ c c c c c c c c c r c c c c c c c ~ c c ~ c c c c ~ ~ c c r c c c c c c c ~ c ~ c ~ ~ C ~ ~ C c ~ ~ ~ ~ ~ ~ ~ ~ ~ c ~ ~ ~ ~ c c  

- cc c t 
CC LFNEff SO[.ID/UPPER S O L I D  PARA:~FTFRS C  C 
C c CC 
~ ~ r C C C ~ r t c c c c c t c c ~ ~ c c ~ t c c C t c ~ c ~ c c c ~ c c i c c c c ~ c c C c ~ c c r C c i c c c c ~ c c ~ c C c c C t c c c c  

20 CONTINUE 
R F A ~ ( S , ~ ~ I ~ . ~ ~ U H , N C R I D ~ N R  
r R I r E ( s r z s )  
~ ~ ~ T E ( ~ D ~ ~ ] P D N C ~ I D D N R ~ H S U M  
R F A D ( S D Z ~ ) R K S ~ R K L , R L ~ S L P N G T U  

2 2  F f lRMAT(oF20 '  1 0 )  
IF (ICASE,NE:S) G O T O Z ~  
R E A D t f  0 2 Z ) O  

~ R I ~ E ( ~ D ~ Q ) R K ~ , R R S , ~ L E ~ I G T I ~ , R  
41 CONTINUE: 

c ~ r ~ ~ : c ~ c c ~ c c c c c c i c ~ c c c ~ c ~ c ~ c c c c ~ c c ~ ~ c c c c c c ~ c ~ c c r ~ c ~ ~ c c c c c c c c c c c ~ ~ c c c c  
c c C C  

Figure C-3. Computer Code List For 
Problem P1-3 (Cant) 



- - 
& ~ I T E ~ ~ , ~ o ) M  

30 C ~ A M A T ( / / / / / / , ~ S M  THE SURFiCc  T F I ' P c Q A T u ~ c  OIS~R~IIUTTON I S  APPROXIW 
ZATED or  ?ME C u e r c  SPLINE THRCUCu THC FO'-LOUING,~~,~?TU (XI TEMP) 0 
- A T A  P f 7 I N T 3 , / / / , 1 7 ~  X SURFACE TFMP;) 

IF( IH?C,LO.f l )  RCTURN 

ORIGINAL PAGE 18 
CALL COFCEN 
RETURN 

OF POOR QUALITY 
LND 

~ C ~ ~ C C C ~ C ~ C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C C C C C C C C ~ C C ~ ~ ~ C C C C C ~ C ~ C C C C C C C ~ C C ~ ~ C ~ C C ~ C C ~ C C C ~ ~ ~  
CC 
cc  TMIS SURROUTINE PROVIDES F C ~  n r i ~  I v P l r r  

CC 
c c 

CC T H I S  SUBROCTINE SUPPLIES L A T ~ R A I  SURFACE T E * P E R ~ ~ u R c  Cc 
CC SEE E O l l r r f l O N  (2 .Z .0)  OF F1l;AL FEPORT C C 

C c 
CC LEWCR SOl.ID SURFACE TFHPERATIiRF COWPUTEO NEXT 

cc 
C C 

C C 
CC USE4 SUPPLIFD L ~ W C R  SOLID S U R r r r E  TEMP, D I S T R ~ B ~ I T I O U  

c e 
c C cc  PLACED HER€ c e 

. . . . . . . 
22 CALL SPLINEIX,ANS) 

RFTlIRN 
~ ~ r ~ C ~ c t c c c ~ c c t c c i ~ c c c c c c ~ c c c c c c c ~ c c c ~ ~ c c c c c c ~ c c c c t c c ~ c c c c c c t c c c c c c c c c c c  
CC 
CC UPPtR S61.ID SURFACE EMPE*ATlJr)q C ~ M P U T E ~  NEXT 
CC . 

cc USER s u i ~ ~ i j o  UPPER SOLID S U R F A ~ E  TEMP PLACED H ~ R E  I F  IN c c 
CC FUNCTIONAL FORM 

RFTURN 
C C 

END 
c c r C C ~ ~ t c ~ c ~ ~ ~ t c c i c i r c c ~ C ~ ~ ~ ~ ~ c c ~ ~ c c ~ c c c c c c c ~ c ~ ~ ~ ~ ~ ~ i ~ ~ c c ~ c ~ ~ ~ ~ ~ c ~ ~ c c c c  
CC . -  . C C 

Figure C - 3 .  Computer Code L i s t  For 
Problem P l - 3  (Cont) 



cc 
c ~ r ~ C C c ~ ~ ~ ~ ~ c ~ ~ c c r c c c c c c c c c c c ~ ~ ~ c ~ C . r c i ~ ~ c ~ c c c C c ~ c t c ~ ~ ~ ~ ~ ~ r ~ ~ ~ ~ ~ ~ ~ c C C ~ c ~ c  

S~~ROUTINL A F C ( Q , A N S )  
cc  I 

C ~ ~ ~ O N / R F ~ ~ ~ / P , ~ T ~ A ~ , ~ S U C I P X O , X N , ~ ~ C R ~ D , N ~  
C A L L  HFC(XC,ANS l  

ORIGINAL GE 13 
R F l U R N  
E N 0  

OF Pool? Q ALlTY 

C C ~ C C ~ C ~ C C C C ~ ~ ~ C ~ ~ ~ ~ ~ C ~ ~ C C ~ C C C C C C C C ~ ~ ~ C C ~ C C ~ C ~ ~ C C C C C C ~ C C C ~ C C C C C C C C C C C C C C  
cc 
cc  ~ ~ I S S U R R O U T I N E S U P P L I ~ S R ~ D I A L ? E ~ P E R A ~ U R E ~ I ~ ~ R I B U ~ I ~ N  C C 
CC ON UPPER fNn OF C Y L I N D E R  * SCE F Q U A T I O N  (2.2.2) C l  P I N A L  R r C O R T  CC 
CC C  C 
~ ~ r ~ C C c c ~ ~ ~ ~ ~ ~ e ~ c r ~ c c ~ : c c c c c c ~ c c c ~ c C r c ~ c c c c c c c C c C c c c C c F c c c c c c c c c C c c C C c c c c  

SI1BROUTIEtE p f c  (R, A N S I  
C ~ ~ ~ ' O ' 4 / R F A D t r P , W T E R ~ , ~ S U n ~ X O I I N , ~ ~ ~ ~ t 0 , ~ ~  cc I 
C A L L  W f C ( X N . A U S I  
RE TURN 
€NO 

C C ~ C C C C ~ C C C C C C ~ C ~ ~ C ~ ~ ~ C C C C C C C C C C C C C . C ~ ~ ~ C ~ C C ~ ~ ~ ~ C C C C C C ~ C ~ C ~ C C ~ C C ~ C C C ~ C C C C  
CC C  C  
CC T H I S  S U ~ R O ~ I ? I N F  F I T S  BESSEL  GFRTCS TO DATA R Y  LFAST S01:AffE5 CC 
CC MFTHOC - SEF E O U A T I O N S  (2.2.17) , ( 2 e 2 . 1 8 )  AND i 2 . 2 : 2 3 1  CC 
CC OF F I Y A L  REPORT CC 
C  c c c 
c c r ~ ~ t ~ c c ~ c c c c c c c ~ c t c c c c ~ c ~ ~ ~ ~ ~ c ~ i c c i c c c c c c c ~ c ~ c c ~ ~ c i ~ ~ ~ c c c ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ c ~  

S l j B Q O U T I N E  C O F C S ( R , Y , N R , N C O F ~ , C F E F )  
I N T F G C R  NR,NCPE? 
R F A L  f , ~ t l o i  ) , Y ( ~ o ~ ) , C O E F ( Z O ) , W ~ ~ ~ ~ ~ )  
EXTFRNAL F 

c c r ~ ~ c c c c c c c c c t c c r c ~ c c c c c c c c c c c c c c c ~ c c c c c c c ~ c ~ c c r ~ ~ ~ ~ c c c c c ~ ~ ~ ~ C c ~ C ~ ~ c ~  
C C c c 
CC U S E 4  S U P P l I r O  LEAST SOUARE3 tiFTunD FOLLOWS HI IRE-TO DETTRH!~;E CC 
c c   ME COEFFICTENTS OF FQUATICNE (p .2 .17)  AND 2.2.181. T ~ C  C  c 
cc  S I ~ e R O U T I r r E  T F L S ~  8 ~ L o w  I 3  T n c  IMSL L E A S T  SOUARES f u ~ C T f O ! l  C  c 
CC F T f  R O U T I N E  C c 
C c - CC 
C C ~ C C C C ~ C C ~ C C ~ ~ C ~ ~ C ~ ~ C ~ C C C C C C C C ~ C C C ~ ~ ~ ~ C ~ ~ ~ ~ ~ C ~ C ~ C ~ C C ~ C C C ~ C C C C C C C C C ~ C C C C  

C A L L  I F L S O ( ~ , R , Y , N R ~ C @ E F ~ ~ ~ C Q C F , ~ K ~ I E R )  
I ? ( I E R  C t l  ~ ? s . O ~ . r E ~ . E O e 1 3 d ) ~ ; ~ 1 ~ € ( b ~ l o l  

$ 0  F(IRHAT;S~; TERHI t JAL  ERROR I N  L E A S T  SQUARES n F T H n 0 , S u I R C U T I f : E  C O E r S  
1 1  

Figure C-3. Computer Code List For 
Problem P l - 3  (Cont) 

E N 0  
c ~ r c C ~ c t c c c c c c ~ c c i c c c c c c c ~ c c c c c ~ c ~ ~ c c ~ i c c c c ~ c C c ~ c c t ~ c F ~ c c ~ ~ ~ ~ ~ ~ ~ ~ c ~ ~ ~ ~ c ~  
c c cc 
CC T H I S  FU IJeT fnN  C v r L U A T C S  THE 2FRf l .OROCR B C S S t l .  FIIJ:CTTOM CC 
CC DFN9TED I N  N O T A T I O N  H Z - 1  ( 1 1 1 ) )  - SEE F ~ N A L  RCPnRT CC 
cc  c c 
c ~ r c ~ ~ c c c c c c c c e c c t c c c c c c c c c c c ~ ~ ~ c ~ ~ ~ c i c c c c c ~ c ~ c ~ c c c ~ c ~ ~ c c c c c c c c c c c ~ ~ ~ ~ c e  

REAL F U N C T f n N  t r N , R )  
C ~ M M O N / C I / R ~ . ~ W D ( ~ O ) * J I ( ~ O ) , J ~ L A ~ ( ~ )  
x 8 n L A M D ( N ) * R  
C A L L  JO(X,YI  
FmY 
RFTURI I  



CC c C  
cc USER SUPPLIFO J O  FUNCTION P L A C E ~  ntat ,  IN T n l S  ~ X A M P L C ,  THC t c  
cc XHSL AESSEL F U N C T ~ O N  YMOSJO IS T L L U S T ~ A T E O  C C  
cc  CC 
c c r c ~ ~ c ~ c c ~ c c ~ t c c r c c c ~ c c c ~ c ~ ~ c c c c ~ ~ ~ c ~ ~ ~ c c c c c ~ c ~ c c c ~ ~ ~ ~ ~ ~ ~ ~ c ~ ~ ~ ~ ~ c ~ ~ ~ ~ c c  

RFAL * n e w 0  
Y * H C 8 S J O ( X ~ t E R )  
R l T l l R N  

L C  
CC SLJBROUTTNC FOR SOLVINI: A  SYSTFM OF L I w t  A @  SIMUL~ANECUS t i  
CC COUATIONR H A V I N G  A TRIDIAGONdL ~ O E F F I C I E N T  * 4 T R i X .  n IAGOHALS . CC 
cc ARE STCIRED T N  THC A R R A Y S  4 ,  no ~ N D  C, COMPUTED C e  
CC S n L l f T t O N  VECTOR ~ ( 1 )  . . . v ( L )  IS S l n R C 0  I N  THF ARRAY v ,  C c  
c e  CC 
E C ~ C C C C C C ~ C C ~ C C ~ C ~ C ~ ~ ~ ~ ~ ~ C C C C ~ C ~ ~ C C ~ ~ ~ : ~ ~ ~ ~ ~ ~ C C ~ C ~ C ~ C C ~ C C C ~ C C C C C C C ~ C C C ~ ~ ~  

SLJBROUTINE T R I D A C ( L  ) 
C ~ H M ~ Y / C ~ O / ~ ( S ~ ~ ~ ) ~ L ) ( ~ ~ O ) ~ C ( ~ O O ) , O ( ~ ~ ~ )  

C C ~ C C C C C C C C C ~ C ~ ~ ~ ~ ~ ~ ~ ~ : ~ ~ C C C C C C C C C C C C C ~ C C ~ C C ~ C C C C C C ~ C C ~ C C C ~ C C C C C C C C C C C C C C  
CC C  c 
CC COMPUTE I N T ~ R H E O ' A T E  ARRAYS LIFT; AN0 GAMMA CC 

ORIGINAL PAGE 13 
OF POOR QUALIN 
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C C  C t N r R A T E  B E a S c L  EXPANSION COCFFTCIENTS b? L Q U A T ~ C K S  (4 .07 )  ANO 
C C  (U ,O ,8 )  n? F I N A L  REPORT CC 

ORIGINAL PACE 18 
OF POOR OUALIW 

~ . - -  

CC c c 
CC GFHFRATE RIGHT MIND S I D E S  O F  FRt l&T ION (u:0.23) nf F T N A L  RErdRT c c  

S~I).SOR~(SII)I 
30 Cf lNTINUE 

c c r c ~ c c r c c c c c c c t c c c c c c c c c ~ c ~ ~ ~ ~ ~ c ~ ~ c c ~ ~ c c c c c c ~ c ~ c c ~ ~ c i ~ c c c ~ c ~ ~ ~ ~ ~ c ~ ~ ~ c c c  
c C  cc  
CC GENESATE R1r;UT MANO S I D E S  CF L Q l f A T I O N S  (0.0.19) - (O.O.LE) O f  CC 
c e  F I N A L  REPORT C  C  
CC CC 
C ~ ~ C C C C ~ C C C C C C ~ C C ~ ~ C C ~ : C C C C C C C C C C C C C ~ ~ ~ C C C C C ~ C C C C C C C C C ~ C C C ~ C C C C C C C C C C ~ C C C  

Rrs( i ) .0 ,0 
r (ns (2 )ao .o  
R W S ( ~ ) ~ C R A ~ A T O ( ~ O ~ )  
R ~ S ( U ) S C R A D A T Q ( ~ O ~ )  
00 a 0  N.l,MTEPM 
Of' SO K.\,NIVS 
N N r N * u  
CALL r N T F G & l ( N r U # A N S )  

E C ~ C C C C C C C C C C C ~ C C ~ C C C C C C C C C C C C C C C C C I : C ~ ~ C C C C C C C C C C C ~ C C ~ C C C C C C C C C C C C C C C C C C  
CC c c 
c c  G t N t R ~ t t  CO~F~ICZLMTS IN L E ? ~  M ~ N D  S I n c  OP EQUA~ION t1;0.25) cc  
CC 01 F I N A L  REPORT CC 
CC CC 
c c r ~ ~ ~ c c c c c c c c r c t i c t c c c c ~ c c ~ ~ c c c c ~ c c ~ ~ c c c c c c ~ c ~ ~ c c ~ c ~ ~ ~ c c c c c c c c c c ~ ~ c c c c  

AL2(NN,U!=ANS 
CALL I N T F C L ? ( N ~ U ~ A N S )  
MNsNN+MrFRH 
ALZlNN,K)mbWS 

go cnrrtr.luc 
1 0  C O N t I N u C  

LO K s l r N S Y ?  
~ ~ r ~ ~ e c r ~ c c c c : ~ c ~ r c c c c c c ~ ~ c ~ ~ ~ ~ ~ ~ ~ ~ c c i : ~ ~ c c c c c ~ c c c ~ r  C c ~ ~ c c c c c ~ ~ c c ~ c ~ ~ c c c c  
cc  C t  
CC GfNCRATE cO~~FICICNTS I N  LEV7 HAI;D SIbC OF C  C  
CC COUATIONtl (P.O.19) [ 4 . O e 2 2 >  CC 
c e c c 
C C ~ C C C C C ~ C ~ C C C C C C ~ ~ ~ ~ C ~ ~ C C C C C ~ C C C C C C C ~ ~ C ~ ~ C ~ ~ C ~ ~ ~ C C C ~ ~ C C ~ ~ ~ ~ ~ C C ~ ~ ~ C C ~ C ~ ~  

CALL I A S I S ( K , O I ~ N ~ )  
A C Z ( l r l 0 ~ ~ N S  
CALL B A S ? S ~ Y * O * I N S ~  
A l . 2 t ' Z , U l ~ A N I  

Figure C-3. Computcr Code L i 3 t  For 
Problem P1-3 (Cont) 



On 550 Jsl ,?O 
b t I e J ) ~ A 4 ? ( f ~ J l  

q s o  C P N t I v U C  
6 9 0  CONTINUE 

QRIGINKc PACE (8 
OF POOR QUALlm - 

Df l  5 7 0  181,utERM ' 
IZ~MAXTERM+P+I 
I t m M T E R M + a t r  
0 0  580 J ~ l t p O  
A L b ( I 6 , J ) r A l  Z ( I 2 . J )  

G8C CONTINUE 
R W 6 ( I b ) t R H S f I Z )  

2 7 0  cnwrrruc 
E ( 1 ) r o . o  
L ( Z ~ r O . 0  
L ( 3 ) ~ 0 . 0  
E ( a ) s o , o  

C C ~ C C ~ C ~ C ~ C ~ ~ ~ ~ C ~ ~ C ~ ~ ~ : ~ ~ C C ~ C C C C C ~ C C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C ~ C C C C C C ~ C ~ ~ ~ C ~ C C C C C ~ C C C C ~ ~  
CC 
Cc SOLVE FOR L fAST SQUARES SOL.UTlOu O f  EQUATIONS ( i ' , sa19)  - C c 

CC 
CC * ( 4 r O a 2 1 ) e  trt I~SL a@"TI l lE  L L ~ Q F  1 3  ILLUSTAAT,O M C ? ~  CC 
CC cc  
c c r C C ~ ~ ~ ~ c ~ c c c c c c i c c c c c c ~ C c ~ c ~ c c i t c c c c c c ~ c ~ c ~ C C ~ ~ ~ c c c ~ c ~ ~ c ~ c c ~ ~ ~ c ~ ~  

CALL L L R R F ( A L ~ ~ P ~ ~ N N , N S Y S ~ R ~ ~ , ~ , ~ , O , ~ , C P O ~ Y , Z O , ~ I M N ~ W ~ ! K . ~ C R )  
cc  0 1 S p L ~ r  ?WE ~ C t f F I r r f N t S  OF C n l l ~ t I o ~  f u . 0 . 1 8 ) ~  TIIE r C L T  ZO1:c cc 
CC SURFACE CONTROL TEMPFRATURE - SCE F f N 4 L  RFPORT C C 

~ a I T t  ( b v n 9 )  
n O I n R n A t ( l ~ 1 1 ? i x ~ 7 ~ w M E L T  Z n N t  S U R F A C E  C O Y T R  

I o L  C O F f F I C I E c T S l  
~ R I T E t b , t s o ,  rTERMtNSYS 

789 f O R Y A t ( / / , l u  ,50X,IZWrOR MTEfir a r I Z I I Z n  AND hS$S s t 1 Z )  
M ~ I T E ( ~ , Q O )  

9 9  ? O R n A T ( / / / , t n  ~ ~ 9 x , l ~ ~ r 2 2 ~ , 4 1 ~ ~ ( ~ ) 1  
0 0  85 1.1,NlYS 
n a I T E ( b e h 8 b )  1, c P O L V ( f )  

b8b ? ~ R M A T ( / , ~ H  t ~ ~ X ~ I Z ~ l O X r C ~ O ~ l O ;  
8 5  CONTINUC 

CALL fOSTCR 
5 0 n  Cf lWINUC 
s i n  cnwxvuc 

RETURN 
L"0 

c c r c C C c c c c c : c c ~ ~ ~ ~ ~ ~ c c c c c ~ c c c c C c c c c c c i c r c c c c c ~ c c c c ~ c c i c c c c c c t c c c c c c c c c c c  
cc  
CC PURPOSC 

C C  
C C 

C C  = CnnPuTF: MATRIX t ~ t  CLCMtl:T0 OF COUATION (o;O. 5 3 )  cc  

Figure C-3. Computer Code List For 
Problem P1-3 (Cont) 



AFR480,o 
R C R P x l , o f - l n  ORIGiXAL P A C ~  f's 
RFRn.1 .OF- l?  
ANStOCAORE (c,  OeQcAEnarPERR#ECRf lOD I E Q )  OF POOR QUALITY 
R f  TlrRN 
EF!D 

C C ~ C C C C ~ C C C C C C ~ C C ~ C ~ ~ ~ ~ C C C ~ C C C ~ C C C L C ~ ~ C C ~ ~ C ~ ~ C ~ C ~ ~ C ~ C ~ C C ~ ~ C C C C C C C C C C C C ~ C  
CC CC 
CC PURPOSE C C  
CC - CnrrpurF: M A T U I X  ? A ?  LLEME!:TI; CF EUUATIFN ( ~ . O , j j )  c C 
c c C  c 
~ c r ~ c ~ ~ ~ c c ~ ~ ~ c ~ c c c ~ c c c c c c c c ~ c c c c c c c c c i . c c c c c c c c c c c c c ~ c ~ c c c c c c c c c c c c c c c c c c  

S I J B R O U T I N ~  TNTECCZ (NmK. ANS) 
C ~ M ~ O N / ~ ~ ~ / ~ R A ~ A T O ( I O ~ ) ~ C R A O A T P ~ ~ O ~ ) ~ O ~ ~ ~  ( ~ O I * R ; S Z ( ? ~ ) ~ ~ ~ Z O ) , Q ~  

~ r w A t l l ~ O , l ~ l . b n ~ ~ 2 ~ 2 0 ,  I O ) , A L ~ ~ O O , ~ O ~ ~ O H S ~ ~ U ) ~ ~ N ~ ~ ~ S O O ) ~ I ~ ~ ~ ~ ~ O )  
CoMnO'J/f  ? ~ / K E R N E L , N ~ E R W L  *~;I(ERNC& 
E X T E R n r j  t 
KFRYELz2  
NKERNELsN 
KKEQNELsK 
AFRQ:g,o 
RERR=:,OF-ln 
RFRR=l.OE-17 
A N S ~ O C A O R E ( ~ , O , ~ ~ A E R R ~ R E R C ) , E ~ R ~ ~ D ~ I E R )  
RCTIIR~J 
EN0 

~ ~ r ~ C ~ ~ r ~ c c c c c t c c r c c c ~ : c c c c c ~ c c c c ~ c ~ c c ~ c c c c c c c ~ c c c c ~ ~ c ~ c c c c c c c c c c c c c c c c c c  
CC c c 
cc PURPCSE 0 c c 
CC - EVALUATE THC NERNAL ~ U N C ~ ~ C N  nfFlrEn B Y  E O U A T ~ C N  (@,C,;bJ CC 
E C  C C 
~ ~ r ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 6 t ~ r c c ~ ~ c c i ~ ~ ~ ~ ~ ~ c c ~ ~ c c i ~ c c c c c c ~ c ~ c c ~ ~ ~ i ~ c c c c c ~ ~ c c c c ~ ~ c ~ c c  

3 1 J B R O U T I N ~  U E P N € L I ( N , T ~ I N S )  
COMMO~J/C?S/CRAO~TO(  ~ O ~ I ~ C R P O ~ ~ ~ O ; ~ D ~ I , P ~ ~ ~  ( ~ O ) D R ~ S ~ ( ? O ) . S C ~ ~ ) # Q ~  
1 ~ ~ A T ~ ( ~ o ~ ~ ~ r , ~ w ~ ~ 2 ( 2 n . l 0 ) . ~ ~ 2 ~ u n , ~ 0 ) ~ a u S ( ~ c r ) ~ ~ k ~ ( ~ 5 ~ 0 ) ~ f ~ w ~ ; ( 2 0 )  

C ~ ~ ~ ~ N / R ~ A D ~ / P , ~ T E ~ ~ , ~ S U C I , X O , X ~ ~ , : ; G R ~ C , Y ~  
zs-n.s(v) 
lFRMr(P*P-S(N)*SiY))/r,0 
RrOLD=O. n 
I F ( Z , G T . - ~ S ~ ~ ~ ) ~ U O L O ~ E X P ( Z )  
TFR~~TERP.(I,o-RwOLO) 
z a - ( P * S t ~ l ) . T / 2 , 0  
Z1=-S(N)*Q+rS(Nl-Pl*T/~,O 
R)r f i ,O 
RE.n,O 
Ir(Z,CT.-E~n.OlR1aExP~Z~ 
IF(Z~.GT,~Z~O.O)RZ~EXP(Z~) 
AMSSTERM. (~1.132) 
Qf t l ! R ~  
EN0 

~ ~ r ~ ~ ~ c ~ ~ ~ ~ c c l r c ~ i ~ ~ c ~ ~ t t ~ ~ ~ ~ ~ c ~ ~ ~ ~ r : c i t ~ c c c c c ~ c ~ c ~ C ~ c i ~ c c c c c ~ ~ c ~ c c ~ ~ c c c c  
CC C C  
cc PURPOSE - C e 
CC EVALUATE TI+€ KEQNAL FUNCT1r)rJ nEFTuEo B V  EDIJAT~CN (@,O,$7)  CC 

Figure  C-3.  Computer Code List For 
Problem P I - 3  (Conc) 



tE80.O 
IFCZ.bt.-25n.ol~E=E~P~Ll 
28-S CN) *T 
T5.1 .O 

ORIGINAL PAGE 
IV(L.C~.-~S~.O)T~~~.O-LXP(ZI pooR QUAL'* 
ANS=Tl *TZ*T7 
RFTl lRN 
t w o  

~ c r ~ ~ ~ ~ c ~ c ~ ~ ~ c t c c ~ c c ~ ~ c c ~ ~ c ~ ~ ~ ~ ~ ~ t ~ r ~ i t ~ c c c c c ~ c ~ c c c ~ c ~ ~ c c c ~ c c ~ ~ ~ ~ c ~ ~ ~ c c c  
CC C c 
CC PURPOSE - C  C 
cc 0 C ~ M P U T F  I P J T ~ ~ Q A M O  USED TC COMPUTE MAT@I' ? A ?  F L E M ~ N T ~  OF c C  
cc E~UATION (4'.0.Zf 1 C  C 
CC cc 
~ ~ r ~ ~ ~ c r c c ~ c ~ c e ~ ~ ~ c c c t c t c ~ c ~ ~ ~ ~ ~ ~ ~ ~ c c c ~ ~ c c c c c ~ c ~ c ~ ~ ~ ~ ~ ~ c c e ~ c c c c ~ ~ c ~ ~ ~ ~ c c  

RFAL FUNCTION t ( X 1  
C ~ M ~ O ' J / C E ~ / U E R N E L .  NKERNCL KuERNCL 
RFAL X  
I F ( K E ~ N E I . . E ~ . ~ )  C A L L  K E R ~ E L ~ ( N K F R N € L ~ x . A N S )  
IFCKERNE~..En.Z) CALL *ERNELZ(NKFRNEL,X.N)  
CALL R A S I S ( K K F R N E L , X , A N S ~ ~  
C=ANS*A.L(S~ 
Rf TURN 
E N 0  

C C ~ C C ~ C ~ C ~ C C ~ C ~ C ~ ~ ~ C C I : C C C C C C C C C C C C C C ~ ~ ~ C C C C C C C C C C C ~ C C F C C C C C C C C C C C C C C C C C C  
c c C  c 
CC PURPOSE - c C 
CC - P l O v I O E  USER SUP*CtEO SET t F  FUNCTIQNS U3E0 1; EXPLNCION C  c 
CC Ot * E L I  ZONF SURFACE CONTRCL F l l r C T I O N ,  SEE EOUATXON ta.O.13) CC 
c C  CC 
C C ~ C C C ; ~ ~ C C ~ ~ ~ C ~ ~ ~ ~ ~ ~ ~ ~ C ~ C ~ C C C C C C C C ~ ~ ~ ~ C ~ ~ C ~ ~ C ~ C C C ~ C C ~ C C C ~ C C C C C C C ~ C C C C ~ C  

S U B R O U ~ ~ N E  RASIS(K.T,ANS) 
C P R ~ O P I / C Z S / ~ R A O A T O ( ~ O ~  ) , C R ~ O ~ T I I ~ ~ O I  ) ,RnSlC20)  ~ l ? ~ S 2 ( 2 0 3 . S ( 2 O 3 # Q 0  
1 ~ * A r l ( ~ o , l o ~ . ~ n ~ t 2 ( Z b ~ l o ~ , ~ L 2 1 a ~ , E 0 ~ , ~ ~ S ( ~ a ~ , ~ u ~ C ~ 5 ~ o ~ . : I n ~ : ~ ~ O l  

IF(W.NE.l)Cn TO 1 0  
ANSr1.0 
R f  f l lRN 

1 0  A N ~ = ( T - Q / ~ . ~ I ~ ~ ~ K - ~ I  
RETURN 
EWD 
S U ~ R O U T I N C  ~ ~ A S ~ S ( K ~ T O A ~ S I  
D ~ L T A T a 0 , O O ~  
x ~ T + O E L T A T  
CALL B A S ? S C K ~ X . A N S ~ )  
X r n T - o t ~ T ~ t  
r r L L  B A S ~ S ( ~ , X . A N S Z )  
A N S O ( A N S ~ - A N S Z )  / ( z . ~ * ~ E L T A ~ )  
RFTURN 
END 

C ~ ~ C C C ~ C ~ ~ ~ ~ ~ C ~ ~ ~ ~ C ~ ~ C ~ ~ ~ C ~ C C C C C C C C ~ ~ ~ ~ C ~ ~ ~ ~ ~ C ~ C ~ C ~ C C ~ C C C ~ C C C C C C C ~ C C C C C C  
C  C C  C  
cc TMIS SUBROUTINC ESTIMATCS LATFRIL  SURVACC TI!MPE~ATUR€ cc 
CC B y  1ISC O f  C t lB IC SPLINE I F  tI*ER SUPPLIES A  D ~ S C R F T C  SET Or CC 
LC LATERAL S U R F A C ~  ~ ~ * P E ~ A T U R C S ,  CC 
C C  CC 
~ c r ~ C C ~ ~ ~ ~ c c c c ~ c c i c c c t c c ~ ~ c c ~ ~ c c ~ c ~ c c ~ c c c c c c c C c ~ c c c ~ c F ~ c c ~ c c c c c c c c ~ C c c c c  

SIIBROUTIN~ 3PLINC(Y 'V t ,Y INT)  
C O R M O N / C ~ ~ / X O ~ ~ ~ O ) ~ T D ~ ~ O O ~ ~ C ~ ~ ~ ~ O ~ ~ ~ ~  
I F C X I N t - X O ( !  ) l 2 * 1 * 2  

1 Y r n t + v D (  1) 
RETURN 

2 u - 1  
3 I P ( X I N T - X D ( K + ~ ) ~ ~ ~ ~ ~ S  
4 YxNT=YD(K+ l )  

RETURN 
5.U.K+1 .- - .  - - 

.- -.. - 
m 

Figure C-3. Computer Code L i s t  For 
Problem P1-3 (Cont) 



ORIGINAL PAGE 18 
OF POOR QUALITY 

E NO 
C C ~ C C C C ~ C C ~ C C C ~ C ~ ~ ~ ~ ~ ~ : ~ ~ C C ~ ~ C C ~ C ~ C C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ C C C ~ C C ~ C C C ~ C C C C C C C ~ C C C C ~ C  
CC C C 
CC F I N n  THC SP( CURVE F I T  C ~ C F T T C ~ E ~ T S ,  FOR USE i N  cOLIJU!!C'ION CC 
cc ~ ~ T H S U B R O U T I N E  IPLINE. C C 
CC . I N P U T S  - ' CC 
cc M r P ~ O .  CF D A T A  P A I R S  CC 
CC xo  r ARRAY a: x ( A B C I S S A )  V;.L\IFS c C 
c c  rn = ARRAY GF v ( O R O I N A T E S )  V A I  UES C C - - cc OllTPUTS - C C 
cc c r 2-n ARRAY OF S P L I N E  T I ?  C ~ C F F I C T E ~ T S  (4 C r C F F I C I t ~ t S  C C 
C C PER T R I P L E T  Of DATA POI~T*]. CC 

Figure C-3. Computer Code L i s t  For  
Problem P 1 - 3  (Cont) 
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